Notes on MAT1211 - Analysis 1

Jake Xuereb

Last Updated - November 7, 2019



Abstract

The motivation behind these notes is to recapitualise in a more formal manner what is
discussed in the lectures and to compile information on the topics from multiple sources
making for a more complete reference. These notes are an exercise of my personal
thoughts and should in no way be considered official or affiliated with the University other
than the fact that | attended these lectures. Any comments or error-pointing related to
these notes are to be directed at jqed.xuereb@gmail.com
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Chapter 1

Preliminaries and Introductory
Considerations

1.1 The Real Ordered Field

1.1.1 What does it mean to be a "Real Ordered Field"

Field a set ' on which two binary operations say {-,+} are defined satisfying the

following properties Va,b,c € F

1. a +b € F - Additive Closure

2. a-be F - Multiplicative Closure

3. (a+b)+c=a+ (b+c) - Associativity of Addition

4. (a-b)-c=a-(b-c) - Associativity of Multiplication

5. 30 € F :i)a+ 0= a - Null element

6. 30 € F : 4i)3b: a + b = 0 - Additive Inverse element

7. 31 € F :ii)a-1 =1 - Multiplicative Identity element

8. 31 € F :4i)3b:a-b=1 - Multiplicative Inverse element
9. a+ b =10+ a - Commutativity of Addition
10. a-b=10-a - Commutativity of Multiplication
l.a-(b+c)=a-b+a-c- Distributivity of Multiplication over Addition

—_

The binary operations {-, +} where chosen for familiarity but a field may be constituted
by any other operations satisfying the conditions specified above and for this reason the

1

inverses may be written out using the notation —a and a™" respectively.
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The Real Numbers are a field but also possess the quality of Order meaning that they
are known as an Ordered Field more than that a ordered field but more on this
below. Order is a quality possessed by fields which satisfy the following axioms,

. Vae F, a=0Ua&€ PU—a € P - Trichotomy
2. a,be P = a+be P - Closure under addition
3. a,b€e P = a-be& P - Closure under multiplication

Where P is the subset of positive elements of F. Note that the notation LI is the disjunctor
and infers and mutually exclusive OR where as V is the mutually inclusive OR.

Within the context of R the positive subset, P, is R*. With this notion at play, inequalities
may be defined in R™

r<y < FeR" :z+k=y >y = r>yVr=y

The less than inequality applies the same definitions in reversal. With this definition the
following relations follow by applying the definition with the properties that define Order.

a=blUa<blUa > b - Trichotomy
a>bANb>a = a- Antisymmetry
a>bAb>c = a> c- Transitivity
a>b = a+c>b+c
a>bANc>0 = a-c>b-c

s WwWN -

1.1.2  Inequalities of relevance

After now establishing order and having defined > and > it is now a good point to introduce
inequalities which will prove to be most important for the purpose of real and complex
analysis given that such matters deal with limits and the definition of a limit, as shall be
seen later on, makes use of inequalities. For this reason many proofs in analysis make use

a a>0
la| =
—a a<0
It should be noted that the fact that the absolute value within its nature involves cases

that proofs related to it are to be proved in a proofs by cases manner.
Proposition. |a - b| = |a| - |D]

Absolute Value

Proof. Given that the absolute value involves cases then the proof to shall follow by cases
and thus involves four cases where a,b # 0 as this would give the trivial result.

. a>0,b>0
2.a<0,b>0
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3.a>0,b<0
4. a<0,b<0
For 1.
a>0 = la|=aANb>0 = |b| =0 by definition of absolute value (1.1)
a-b>0 since a and b are positive (1.2)
— |a-bl=a-b by definition of absolute value (1.3)
= |a-b] = |al[b] by ) (1.4)
For 2. and similarly 3.
a<0 = la|=—aANb>0 = [b|=10 by definition of absolute value  (1.5)
= a-b< 0 since ais negative and b is positive (1.6)
< |a-bl=—a-b by definition of absolute value  (1.7)
= |a-b| = |a[[b] by (5) (1.8)
For 4
a<0 = |a|]=—-aAb<0 = |b| =—b by definition of absolute value (1.9)
= a-b>0 since a and b are negative  (1.10)
< |a-bl=a-b by definition of absolute value (1.1
= |a-b| = |a||b] by (9) (112
O
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Proposition.|a + b| < |a| + |b|
The Triangle Inequality is arguably the most important inequality in all of analysis and later
on within Metric Spaces. Graphically this inequality would look something like this

U

a-+b

Proof. Given that the absolute value involves cases then the proof to shall follow by cases
and thus involves four cases where a,b # 0 as this would give the trivial result.

L. a>0,b>0

2.a>0,b<0
3.a<0,b>0
4. a<0,b<0
For 1.
a>0 = |a|]=aAb>0 = |b|]=0b by definition of absolute value (113)
a+b>0 since a and b are positive (1.14)
= |la+0b=a+b by definition of absolute value (115)
= |a+b| = |a| + |b] by (13)  (1.16)

For 2. and similarly 3. This case leads to two further subcases depending on whether b is
larger than a.

la+b <a-—10
iya+b>0 i) a+b<0 (1.17)
Pfa+b<a-0» a+b<a-b> (1.18)
— b< —b = a< —a (119)
True " b<0A-=b>0 True ""a>0A—-a<0 (1.20)

For 4

a<0 = la|]=—-aAb<0 = || =—b by definition of absolute value  (1.21)
— a+b>0 since a and b are negative  (1.22)
<= |a-bl=a+0b by definition of absolute value  (1.23)
= |a+b| = |a| + |b| by (21) (1.24)
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1.1.3 Suprema and Infima

A completely ordered field is one which also satisfies the Completeness Axiom which will
be defined after introducing the notion of Suprema and Infima.

Consider the diagram above where in green we find a subset of R now in violet and in
blue to the right the two positions represent elements in R s.t.

Vee A,x <z

Where z represents any element in R which is larger than the largest member of A. Such
an element is known as an element z is known as an upper bound of A and the set A is
known as bounded above if it posses an upper bound.

Both the blue (to the right) and violet elements are upper bounds of A but the violet
element is evidently the least upper bound of A and this is referred to as the supremum
of A, denoted sup(A).

sup(A) : a = sup(A)
— J)a>a€A
= i) IP>acA = a<p

Very similarly the notion of an infinum may be defined.

Proposition. Given the existence of a supremum or infinum in a set, such a bound must
be unique.

Proof.

The proof will follow by contradiction

Assume 3S; A Sy suprema € S :S] # Sy
= Vse S, S1>sANS >s by def'n of Suprema
== 512> 5N5>5
— 51 =25
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1.2 Limit Infimum & Limit Supremum

Having introduced R as a completely oredered field we move forward to think about what
sets of suprema and infima. Consider firstly a bounded sequence (a,) such that

dM: —-M<aqg,<MVneN

and define the set
A, ={ay: k >n}.

This set is thusly a portion of (a,,) with values existing from the designated n and upwards.
Now let's consider the supremums of such sets labeling them y,, = sup A,,.
It is clear by construction that

A, DA

and since these are non-empty subsets then we will have that
api1 <supA,Va,i1 € Apiq

meaning sup 4,, is an upper bound to A,,;;. But A, being bounded above in R has its
own supremum which is by definition the least upper bound and as such

sup An+1 < sup 4,

Yn+1 S Yn-

Visualising this we have situation that looks like

R

where (y,) is in cyan. Above we have shown that (y,,) is a monotone decreasing sequence
and since it is a subsequence of (a,) then by inheritance it is also bounded and by the
monotone convergence theorem, converges.

The sequence of suprema in a bounded sequence thus converge to a limit known as the
limit superior or lim sup in short. The argument we followed is symmetric and following
infimums and upper bounds we arrive to what is known as the limit inferior or lim inf in
short.

1.2.1 Exercises on liminf & lim sup

Exercise 1. Let (b,) be a bounded sequence in R. Prove that

liminf b,, < limsupb,.
n—oo n—o00

Proof. Consider that by definition

inf b,, < supb,.
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Making use of the order limit theorem we arrive to the conclusion that

liminf b, < limsupb,.
n—oo n—00

Exercise 2. Prove that every sequence in R has a subsequence that is monotonic.

The Argument by Peaks

Proof. Let (a,) be a sequence in R and let us define the notion of a "peak” in a sequence
such that a point m-th point in the sequence is a if and only if every point following m
has a value which is less than a,,.

Let a peak be denoted a,,.

da, <= n>p neN = a, <a,.

Moving forward we can now proceed via a proof by cases.
i) Assume that there are infinitely many peaks in such a sequence. Then by construction
each peak must be smaller than the last so

Apy = Apy 2 Aypg - - -

is a monotonically decreasing sequence of peaks, which is a subsequence of (a,).
ii) Assume that there are finitely many peaks, £,

(pys Apyy Apgz s - -+ Apy,

then a,, 1 is not a peak meaning that

Jap, 42 : Apga > App1

and since this too proceeds a,, then it is also not a peak and there is some a,, 13 which
is larger than it too. Continuing along this route we are able to construct a monotone
increasing subsequence. O

Exercise 3. Let (b,) be a bounded and monotonic sequence. Prove that

liminf b,, = lim sup b,,.
n—00 n—00

When introducing the notion of lim sup and lim inf, monotone subsequences were built out
of suprema and infima of portion of a mother sequence of the form A, = {ay : k > n}.
such that these subsequences were seen to converge to lim sup and lim inf, respectively
for the cases were the mother sequence is bounded below and bounded above. Thus
convergence of these two subsequences would be shown in this manner as above.
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Now to show that they converge to equal limits consider that if the mother sequence is
bounded and monotone then it is convergent by the monotone convergence theorem.

= INeN, :Vn<N,|a,—a|l <e

for some arbitrary choice of small positive epsilon.

Consider that a subsequence is some portion of the terms in a sequence where the
ordering is the same as in the parent sequence. As a result the index of a sequence is
always larger or equal to that of its subsequence.

n>kVkneN
where £k is the index of the subsequence. And so

S an, —al < e

Which leads to

liminf b,, = lim sup b,, = lim b,,.
n—00 n—o00

Exercise 4. Show that every bounded sequence (b,) in R has a subsequence (b,,)
satisfying

liminf b,, = limsup b, .
n—00 n—00

Proof. By exercise 2. we have that given that (b,) is in R then its subsequence must be
monotonic. Boundedness is inherited from the parent sequence and now since we have
a bounded monotonic subsequence we may use the result of exercise 3 to achieve

liminf b,, = limsupb,,.
n—00 n—00

1.3 Some topology of sets

The term topology is derived from the ancient Greek word, “topos” meaning place. This
makes quite bit of sense here because sets are places with things in them and topology
is the word we associate to thinking about how these things are spread or where they are
located in this place or topos.

1.3.1 Open & Closed Sets

Neighborhoods The idea of a neighborhood is the idea of an object which is able to
give us a measure of whether an object in this space is close to another object or perhaps
close to infinitely many other points in the set.

10
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Definition 1.3.1. Given o € R and € > 0, the e-neighbourhood is the set

Vei={xeR:|z—a| <e}.

In R, this set can be thought of as an open interval centered at a point a with distance e
from its non-included end points.

@)

In C this picture is a bit different as we are dealing
with a 2-dimensional space whose constituents are 3(2) 1
pairs of points meaning that a fixed distance from a
point, a locus, will be a disc. In this setting we can
think of e-neighborhoods as discs centered at some 4 .
point a with radius e.

:' —
. ]
A 4
Open Sets Armed with a tool to the define the . e
proximity between points in a set we can now de- e
fine an open set.
Definition 1.3.2. Aset O C R is open if R(z)

Vae 0,3 V(a) : V(a) CO.

Thus we can appreciate a visualisation of an open set in R? as some open disc containing
all the discs of radius epsilon centered at every point in this set.

Remark 1.3.1. The set of R is an open set as the e-neighborhood of every point is a subset
of R by the Archimedean property.

A subset of R only enjoys this property if it is an open interval as a closed interval would
have end point whose e-neighborhoods would be partially outside of the subset.

Theorem 1.3.2. What happens when we do things with open sets?

I. The union of open sets is an open set

11
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2. The intersection of a finite collection of sets is open

Proof. i) Appreciating the simplest case of this scenario it is easy to see that the union of
two open intervals is just a larger open interval.

Let O =J,cp Ox and let a € O.
So to show that O is an open set we must show that V. C O by definition of open.
Consider that by construction

a€O = 0O, : a €Oy A O, is open.
= V. C0,CO
S VeCo.

ii) Again, visually in R this most certainly makes sense as the intersection of two open
intervals is just a smaller open interval.

Let O = {04, O, ..., O, } be a finite family of open sets and let a € (;_, Oy. To show that

this intersection is open we must show that the e-neighborhood of a is in this intersection
but consider that since a is an element of the intersection then

Vken],ae O
by definition of intersection. All Oy are open by the premise
= V., (a) C Oy Yk € [n].

Now defining ¢ = min{ey, €2, ..., €,} we can appreciate since a has an e-neighborhood in
all Oy € O then the smallest such neighborhood fits in all O, € O

. Vila) € () Ox.
k=1
O

Using the tool of the e-neighborhood we can now apply this measure of proximity to think
of objects in sets which are close to many other objects and ones which are alone.

12
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Limit Points
Definition 1.3.3. A point = is a limit point for a set A if every e-neighborhood V,(a)
intersects the set A in some points other then a.

These objects are at times also referred to as cluster or accumulation points but the term
limit point has a more far-reaching allusion.

If we were to enumerate the points in this set, creating a function from N — A, a sequence
we would have that if a is a limit point then a is a limit of this sequence. For this to make
sense we recall that the idea of topological convergence where a sequence (a,) to be
convergent we must have that its limit a is such that we can form e-neighborhoods around
it with finitely many points outside of this neighborhood, meaning that the sequence
inevitably ends up in this neighborhood. This is the same picture we have in the figure
above and so limit points and convergence are two sides of the same coin.

One might ask; “If a set has many limit points then how can we form a convergent sequence?”
Well what we can ascribe to each limit point is a convergent subsequence and if all sub-
sequences lead to the same limit then there is only one limit point. If not then we cannot
find a convergent sequence throughout the whole set because if there are two limit points
then the definition of a limit point is broken within the context of the whole set ie: a point
will only have finitely many points outside its e-neighborhood for some subset of the set.
This is one way to think of divergence.

Theorem 1.3.3. A point = is a limit point of a set A if and only if v = lima,, for some
sequence (ay,,) contained in A satisfying a,, # x¥n € N.

Proof. For (=) we wish to show that if a point z is a limit point in some set A that we
can find some sequence in A which converges to x.

If = is a limit point then its e-neighborhood contains points which are not only  and so
taking e = % we are justified in saying

VneN:a,eViNA A a,#zx

The intersection is pertinent as we have not specified that A is open.
Now constructing a sequence (a,) using all points of form a, it is evident that we can
take N : & < L meaning that Vn > N we have

la, — x| <e.

Now for ( <) we are to prove the if some sequence (a,) — = in A that x is a limit point.
By the topological definition of convergence since (a,) converges to = this means that we

13
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can construct e-neighborhoods around z with infinitely many points of (a,) in V.(x) and
finitely many outside.

(ay) CA = V() NA#£D ANweV(x)#xVweV(x), Ve> 0.

Note : We emphasise a,, # x in such a theorem to avoid the trivial case of a constant
sequence. Where obviously each point is a limit point and is equal to the limit of a
sequence whose range is such a set of constant points. This can be thought of a
stack or pile point.

Isolated Points
Definition 1.3.4. A point a € A is an isolated point of A if it is not a limit point of A.

Another way of thinking about isolated points is using their e-neighborhoods. If a point a
is an isolated point if and only if the intersection of V,(a) and A should be a only.

Vei(a) M A = {a}.

Proof. The necessary condition ( = ) is easy to see as since « is an isolated point it is
not a limit point
— (Ve da, 1 a, €Vi(a)NAA a, #x).

= Je: Vi (a)NA={0}V{a}
which is our new requirement.
The sufficient condition ( <= ) is straight forward as if

V()N A = {a}

then we have a case which is excluded by the definition of limit point and so we have an
isolated point. O

This point may be reiterated as {a} being A-open. A set {a} is said to be A-open
if {a}\ A is A-closed meaning that without {a}, A is closed.

This can be thought of in the following way, if a point is an isolated point then removing
it from the set will not affect the set’s closure. Were it a limit point, removing it would
render the set no longer closed.

14
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Closed Sets A set always contains isolated points by the very nature of a set. If it
contains objects then they are by default isolated, the cool thing is when these objects
begin to cluster but can or rather do sequences cluster outside their set?

~

(a) Closed (b) Not Closed

Consider the set A = {1 : n € N}, by the discrete nature of the natural numbers our set
will look something like this on a number line.

1 1
2 1

W=

1
4

=
(S

From this picture it is evident that each point is closest to its following term, that is % is
closest to % and not 1. As such let us select an € such that its size is that of the interval

between L and —-.
n n+1

1 1 n+1-n 1
€= —— = = .
n n+l nmh+l) nn+1)

For this choice of € it is evident that

VneN, Ve(l>ﬂA:{l}.
n n

And so each point in this set does not satisfy the definition of limit point and is thus an
isolated point.

This being said it is also evident that the sequence S : N — A converges to 0 and so 0
is a limit point of A by Theorem 1.2.3. but since A C N, 0 ¢ A. Thus 0 is a limit point
which is not found in the set, motivating the following definition.

Definition 1.3.5. A set is closed if it contains it limit points.

Remark 1.3.4. The set in question here has been shown to have each of its elements being
isolated points. Such a set is known as a discrete set.

A closed set which does not contain isolated points is known as a perfect set.

Cauchy Sequences & Limit Points Since to each limit we can attribute a convergent
sequence then shifting the way we think of convergence we can attribute to each limit point
a Cauchy Sequence. Recall that the advantage of the Cauchy perspective on convergence
is that knowledge of the limit is not important but it is the notion of proximity of points
at the center of this point of view.

15
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Definition 1.3.6. A sequence (a,) is called a Cauchy sequence if for ever ¢ > 0 there
exists an N € N such that whenever m,n > N it follows that |a,, — a,,| < €.

We have already shown that to each limit point we can ascribe a convergent sequence
thus let us frame this in the light of the Cauchy perspective.

Theorem 1.3.5. A set A is closed if and only if every Cauchy sequence contained in A has
a limit that is also an element of A.

Proof. For the necessary condition consider that if a set is closed then it contains all
its limit points and by Theorem 1.2.3 to each limit point we can associate a convergent
sequence (a,) and since it is convergent it is also Cauchy. Thus every limit point may
be associated to some Cauchy sequence (a,,) provided that the limit, say x is not a, to
satisfy Theorem 1.2.3.

For the sufficient condition consider that a Cauchy sequence in A can also be thought of
as a convergent sequence which by Theorem 1.2.3 converges to some limit point in A,
thus A contains its limit points and is closed. ]

Closure Returning our gaze to the set A = {Z : n € N}, as we say A is a discrete set
and has a limit point outside of it, namely 0. In this vain we can say that sequences in
this set converge in

AU{0}

and in this sense, this extension of A is closed, hence the closure of A.

Thinking of A as a subset of R we can refer to the limit points of A found in R as R-limit
points of A and similarly

Definition 1.3.7. The R-closure of A is the union of A with its set of R-limit points,
denoted AF.

A set is said to be X-closed if A = AX,

The closure of a set is the smallest closed set containing that set.

Clopen Sets James Munkres is attributed to have coined the saying “sets are not doors”
in that just because some set is not closed that does not mean that it is open. So in
mathematics the words closed and open are not antonyms, indeed sets can be neither
closed nor open or closed and open, clopen.

An example of the first case would be a half open interval which evidently would be in a
sense closed at one end having say for an example an increasing converging to some end
point but the decreasing end not being closed since its end point would be missing. On
the other hand the half open interval is not open because at the end where the end point
is included half of the end point’s e-neighborhood is excluded.

Now clopen sets are oddities in the landscape of set theory. The only two sets in this
category would be () and R. These are the edge cases of one dimensional sets and for
this reason they represent the edge cases topologically.

R is in a way everything we can dump into a one dimensional set and so any e-neighborhood
will always found in R by the Archimedean property because we can always find larger or

16
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smaller points in R. By a similar argument any convergent sequence in R must have its
limit point in R.

() is in a way nothing and so there are no e-neighborhoods to form around nothing, they
themselves will be empty, and where one to form a sequence of nothing it would undoubt-
edly converge to nothing.

Complements of Open & Closed Sets Recall that for some set A C R its set com-
plement A“=R\ A={z € R : z ¢ A} giving all of R which is not part of A.

Consider an open set in R say an open interval (a, b) its set complement in R will be of
form (To0,a] U [b, Too]. Including a and b this complement is closed, this is depicted in

(a).

On the other hand considering a closed set in R, [a,b], would have a set complement,
(To0,a) U (b, Too), which is open since it doesn’t contain the end points.

(@) An Open Set and its complement in R (b) A and its complement in R

These ideas can be summarised by the following theorem
Theorem 1.3.6. A set O is open if and only if O is closed. Likewise, a set F' is closed if and
only if F° is open.

Proof. Focusing on the first sentence since the second can be recast in the first taking
O° = F. With this in mind the necessary condition ( = ) presumes that a set O is open
and we must show that its set complement is closed.

To do this we have to show that if a point O° is a limit point then it can only be in O and
the only other place it can be in is in the set complement of the complement, O! But let’s
show it can’t be there.

Suppose z € O¢ is a limit point of O°. This implies the V. (x) contains points of O°. Since
O is open it must fully contain any e-neighborhood of a point inside it but this cannot be
the case since V() is a limit point of O°. Therefore x must be fount in O°.

For the sufficient condition ( <= ) consider a point € O, now since O° is closed, it
cannot be a limit point of O and also its e- cannot contain any points of O¢

= V.(z)NO° = 0.

This follows from the definition of a limit point for were V.(x) to contain points of O° it
would have to be a limit point of O but this is not possible since O¢ contains all its limits

points.
o Ve(z) C O.

Hence, O is open. O
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This idea of open and closed complements can illustrate and be used to show that R and
() are the only two clopen sets since they are complements of each other. This can be
found on page 48 of Abbott’s instructor’s manual but it is not included here in this note
set for reasons of scope.

1.3.2 Compact Sets

(a) A Closed and bounded set (b) A Closed and bounded set in R

inC
Definition 1.3.8. Aset K C R is if every sequence in K has a subsequence in

K which converges to a limit in K also.

Thinking about this idea, it is evident that the criterion of having "“limit(s) in K" alludes to
a set being closed. But a priori to this idea we require a convergent subsequence and
this notion must remind us from Analysis 1 of the Bolzano-Weierstrass Theorem which
states that every bounded sequence has a convergent subsequence but now since we

are talking about sets, we must alter this definition to accommodate sets.
Definition 1.3.9. A set A is bounded if 3 M >0 : |a| < MVa € A.

This idea of compactness being represented equally by the ideas of closed and bounded-
ness the impetus for the Heine-Borel Theorem.
Theorem 1.3.7. Aset K C R is compact if and only if it is closed and bounded.

Proof. For the necessary condition ( = ) we are required to show that a set being
compact leads to two other characteristics. Starting with the first, we take an approach by
contradiction that K is a compact set which is not bounded and look for an inconsistency
such that a convergent subsequence in K will appear to be unbounded which is not
possible.
Consider that since K is not bounded then we can always find z; € K : |z;| > 1 and in
general x,, € K |x,| >nVn € N.
But since K is compact we can find a sequence (z;) with a convergent subsequence
whose limit is in K also say (zy, ). Now by the lack of boundedness it is easy to see that
each point in (zy,) will satisfy

|0, | > 1.

Thus (zy, ) is unbounded, contradiction! A convergent sequence must be bounded.

To see that K must be closed consider a convergent sequence (z,,), we must show that its
limit lim z,, = z is in K also. By definition of compact (x,,) has a convergent subsequence

18



Notes on MAT1211 Jake Xuereb

(2n,) which is in K and convergent subsequences must converge to the same limit as
their parent sequence therefore x € K and K contains its limit points. K is closed.

For the sufficient condition ( <= ) we show that a closed and bounded set must be
compact by way of the Bolzano-Weierstrass theorem. Consider that by the BW theorem we
are guaranteed that since we are in a bounded set then every sequence has a convergent
subsequence now since this set is also closed them this convergent subsequence must
converge within the set and this satisfies the definition of compact. ]

Compact Sets in terms of open & finite subcovers

Figure 1.1: closed interval covered by a union of two open intervals

There remains a third way of thing of compact sets, perhaps in a more topological sense.
As discussed previously, open sets are regions where every point has an e-neighborhood
which can fit in the set. So know we can ask a question "can we form any set out of a
union of open sets"? And it is this question and this notion of formation which leads us to
the definitions of the open cover and the finite subcover.

Definition 1.3.10. For a set A C R, an open cover is a possibly infinite family of open sets

{Ox: X eAy:-AC| o,
AEA

meaning that the union of these open sets contains A.
A finite subcover is a finite subfamily of open sets from the original open cover which
still contains A.

Example & Motivating Discussion Consider the open interval (0, 1). Constructing an
open interval O, = (3, 1) it is evident that the infinite union of such open sets forms an
open cover for (0,1) that is

G{Ow 2, € (0,1),n € Z} = (0,1).

And this makes sense right we have a segment excluding end points and we are able
to stitch together infinitely many similar segments excluding end points from within the
original segment to form the original segment.

Now can we find a finite subcover for this open interval. The answer is no and this is
because of the lack of endpoints in an open interval.Think of the following, your first
attempt to construct a finite subcover will probably involve you accidentally including one
of the endpoints of the interval so you try to exclude it by splitting one of your open
intervals into two at the end point but by the nature of R and the Archimedean property
you will always be able to find a point closer to said end point which isn’t in your finite
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subcover and so we can't find a finite subcover for open intervals, we can of course find
an open cover.

Were this set to be a closed interval, say [0, 1] then we would be able to find a finite
subcover by including the endpoints in the middle of the open intervals whose union is to
cover the closed interval. This is the bridge between the idea of covers and compact sets.
Appreciate that the closed interval, for all intents and purposes captures the idea of the
compact set in R and as such we can find find finite subcovers for compact sets.
Theorem 1.3.8. Let K be a subset of R. K is compact if and only if any open cover for K
has a finite subcover.

The proof for this theorem is deemed out of scope for this note set but can be found
within Page 87 of Abbott’s Understanding Analysis.
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Chapter 2

Functional Limits & Continuity

Motivating Remarks Up until now and prominently in Analysis 1 we have discussed the
convergence of sequences of some set. A sequence is function of the type f : N — A
and perhaps more aptly is to be thought of as an enumeration of the points in a set. In

Figure 2.1: convergence of a sequence

such a context we could talk and think about convergence using n, N and € where n is
our generic enumerator and N represents the point after which all other points, within
the order of the enumeration, fall within the e-neighborhood of the limit point in A.

Here we can almost forget about sequences as functions, and indeed we are taught to do
so, as we think we are working in the same set using enumeration to represent the idea
of the domain. But what happens if we are working with a more general domain? When
we lose the tool of enumeration?

If we have some general function f : A — B, having lost the tool of enumeration we
are left with our tool of proximity, the neighborhood. Where before we had the notion
of order within our enumeration leading us up to some point now we must define some
neighborhood to see whether things are falling into it in the domain and then consider
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Figure 2.2: Topological picture of convergence at a point in a function

what the image of each point in this neighborhood is doing, does it fall in some e-
neighborhood? To conclude this motivation, having lost the notion of enumeration and
our N, we replace this instead with the idea of a §-neighborhood to see what happens if we
approach some point in the domain what then happens in the range. This is perhaps the
most noticeable difference that before since we were running along the enumerated order
of a sequence the specificity was the burden of the sequence which made convergence
seem global amongst the sequence where as now we lose that illusion of globality as
we lose enumeration along a specific sequence in a set now we instead consider the
neighborhood of some specific point and approach that point in the domain.

2.1 Convergence at a point in a function

Functional Limit On approaching a point in the domain, what is happening in the range
if a function is convergent at a point? This is the question at hand.

Definition 2.1.1. Let f : A — R, and let ¢ be a limit point of the domain A. We say that
lim,_,. f(z) = L given that, Ve > 0, 3§ > 0 :

O<|zr—c¢/<dNzeAd = |f(x)-L|<e.
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Remark 2.1.1. Prof.Chetcuti provides three equivalent styles of writing out convergence in his
notes, as follows

LVneN JkeN:zecANUy(a) ANz #a = f(x) € Up(l).
2VneN JkeN:zeANO<|r—a|<i = |f(z)—1 <2

3Ve>0,30>0:2€ AN0<|z—al<d = |f(z) =] <e

Topological Functional Limit The third definition, is perhaps the one | am most fond
of, both for its ubiquity in proofs of the e — ¢ nature and for the intuition in thinking about
functional limits. This definition offers a topological picture to this phenomenon by inviting
us to think of what happens in neighborhoods around limit points and their images.
As depicted in figure 2.2, if cis a limit point in the domain, A, of some function, f : A — B,
then we can say

lim f(z) = L,

Tr—C

provided that for every e-neighborhood around L, V,(L), there exists a J-neighborhood
around c with the property that if a point is in this 0-neighborhood then its image
must be in the e-neighborhood of L.

Uniqueness of Functional Limit
Theorem 2.1.2. Functional limits are unique.

Proof. Pursuing contradiction assume that some function f : A — R has a limit point
a € A such that

lim f(z) =4 &lim f(z) =1y : [} # ls.
r—a Tr—a
:361,€2>0;‘/€1ﬂ‘/62:®.

By definition of functional limit we have that

Ver >0,36, >0:2€ AN0<|z—al <t = |f(x)—1<¢
Vea >0,30>0: 2 € ANO<|z—al <dh = |f(x)—I| <e.

Now we have two J-neighborhoods centered at a so choosing ¢ = max{d, >} given that
a is a limit point we must have

Vs(a) NMA#D A Jzg € A, xg #a. = 9 € V5, NV,
Sowg € Ve, NV

contradiction!
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2.1.1 Sequential Criterion

The sequential limits that we dealt with in Analysis 1 where examined exhaustively such
that a list of handy theorems were compiled about their algebraic nature in the process
laying down a number of shortcuts that can be taken in proofs, such as the Algebraic
and Order Limit Theorems.

By considering a 4th way of thinking about functional limits, the perspective of considering
sequences in the domain and the image of this sequence in the range of a function.
Theorem 2.1.3. Given a function f : A — R and a limit point ¢ of A, the following two
statements are equivalent:

I lim, . f(x) = L.

2. For all sequences (x,,) C A satisfying x,, # c¢ and (x,,) — ¢, it follows that f(x,) — L.

Proof. For the necessary condition ( = ) our starting point is to presume that for some
function f : A — R we have that at the point ¢ the function converges to L.
¢ is a limit point of A meaning that by Theorem 1.2.3 we have some sequence (z,) C A
which converges to ¢ such that z,, # cVn € N. This means that there is some N such
Vn > N we have

xn € Vs(c) = f(z,) € Ve(L).

. f(z,) — L.
For the sufficient condition ( <= ) we proceed by contrapositive' meaning that to show
2 = 1 we show equivalently that -1 = —2.

-1 = JV, (L) : Vo > 0,3y € Vs, (c), x #c : f(z) & Ve, (L).

By extension of this argument consider that Vn € N we may construct d,, = + such for
each 0, we can find z, : =, #cinVj, : f(x,) ¢ V... And so constructing a sequence
out of such z,, provides (x,) — ¢ but f(z) /4 L showing that the contrapositive holds
true. ]

Algebraic Limit Theorem As a corollary to the Sequential Criterion we recover the
algebraic limit theorem from sequences.

Theorem 2.1.4. Let f and g be functions defined on a domain A C R, and assume
lim,_,. f(z) = L and lim,_,. g(x) = M for some limit point ¢ of A. Then,

L limgckf(x) =kLVEk €R.
2. limg_. [f(x) +g(z)] = L+ M.
(

'The contrapositive is a tautology between p = ¢ and ¢ == —p which can at times be used to
simplify a proof.
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A Criterion for Divergence of Functional Limits Making use of the sequential criterion
again we can think of divergence the in terms of sequences and limit points such that we
recall that a convergent sequence must have subsequences which converge to the same
limit it has and if this is not the same case then we have divergence.

Similarly for a function;

Corollary 2.1.4.1. Let f be a function defined on A, and let c be a limit point of A. If there
exist two sequences (x,,) and (y,,) in A with x,, # c&y, # ¢ and

limz,, = limy, = ¢ but lim f(z,) # lim f(y,),

then one can conclude that the limit of f(x) at ¢ does not exist and so f(x) diverges at c.

What divergence of functional limits in this perspective is saying, which is different from
typical sequential divergence, is that not only must sequences converge to the same limit
in the domain, but the image-sequences also must do so in the range.

sin(1/x)

AN ik :
Il (A4

Example The function sin% is not itself periodic due to the shape of its input fraclz,
this being said sin x is period and we can manipulate our knowledge of the periodicity and
form of sinz so as to come up with the sequences that converge in the domain, R, but
whose images converge to different points.

We recall that sin x outputs a £1 when x = =F and a 0 when z = nm with a period of 2,
where n € N and so constructing two sequences

1

() = 5 ) = 5

2mn

then we appreciate that by similarity to % that they converge to 0 in the domain by the
Archimedean property

But the image, due to the periodic shape of sine will give

flan) =0 f(yn) — 1.

and so by the divergence criterion shown lim,_, sin% does not exist.
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2.2 Continuity

Motivating Remarks Typically or rather archaically thought of in terms of how smooth
a function is how free from gaps or jumps it, we must move towards a more precise idea
of what it means to say that a function is continuous. Before moving towards precision
let's speak on a conceptual level.

Having the tool of the functional limit we are now able to speak of what occurs in a function
when one approaches a point in the domain. Continuity is really a measure of whether
a function can be spoken of in this way at a given point in its domain. If a function is
continuous at a point then we know for certain that approaching a point in the domain
means that we can be certain that we will also approach the image of this point in the
range. This can be examined using a functional limit because it's just an application of it
clearly as if we just replace the word approaching with in its neighborhood we recover the
definition of a functional limit readily.

How does this fit in with our old idea of jumps? Consider the following function

(@)

<
ot

here it is obvious that approaching a point ¢ in the domain we have two points in the
image associated to this point. In other words we can find two image subsequences in
the range which do not converge to the same point, giving divergence and in such a way
showing that the function is not continuous.

Such a function can be said to be nowhere continuous in fact as no point in the domain
has a convergent functional limit.

/]45,,

g

10

S 10 15 z
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Thinking of the function from the previous page, by the same argument it is easy to see
that it is continuous only at the point z = 0.

2.2.1 The Completeness Axiom

The completeness axiom defines complete a ordered field and is the nature of R.Having
defined Suprema the CA may be stated as follows; for any non-empty, bounded above
subset of R there exists a real number which is the supremum of the said subset of R.
This maybe restated to show the existence of an infinum for any bounded below subset
of R by making use of

inf(A) = —sup(—A)

as Every bounded below, non-empty subset of R has an infinum.

inf(A)

Equivalence of Supremum CA and Infinum CA

Proof. These two statements of the completeness axiom are shown to be equivalent s-
tarting from the infinum statement

Consider —A = {—a : a € A} where A is bounded below

decR:c<aVac A by def'n of lower bound
— —a< —cVacA taking the negative

—> —A is bounded above
ACR = Jsup(—A) =S by the completeness axiom

It is clear from the figure that — sup(—A) is a lower bound for A

— —S <aVae€ A showing that —sup(—A) is a lower bound
de:c<aVa € A
= —a< —c —c is an upper bound for -A
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But S is the supremum

— S < —¢ —S' is supremum
— —-S>c
.. =S is the greatest lower bound, infinum.

The Nested Interval Property

[N I S o

I

a1 as as ay by b3 b by

Theorem 2.2.1. The Nested Interval Property states that; Vn € N assume we are given a
closed interval I,, = [a,,b,] such that this contains other closed nested intervals

L 21,2..21,

which have a non-empty intersection

(1. #0
n=1

Proof. The proof follows as a result of the completeness axiom.

Consider all the nested intervals and think of one side of each interval, say the lower limit
of each interval. This forms a set which will be denoted A

It is evident that each upper limit of every interval will act as an upper bound for every
element the set A. By the completeness axiom this set has a Supremum say

s=supA

Now for containment we show that this supremum is found in each I,, by considering that
by definition of the supremum
s<b,V €N

Given that it is the least upper bound and B is the set of all upper bounds for A. But s
is also an upper bound for A
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Maximum denoted max(A) for a set A is the largest element of a bounded above set
and in other words the least upper bound for a bounded above set, the supremum.

1. max(A) € A
2. max(A) > aVa € A

Meaning that if a supremum exists then it is not necessarily the maximum as a supremum
is not necessarily part of the set it pertains to .But if a maximum exists then it is also said
to be the supremum of such a set. Similarly the Minimum can be defined for bounded
below sets.

Alternate formulation of Suprema and Infima Moving just to left of the supremum or
just to the right of the infinum one will always find themselves in the set which the supremum
or infinum pertain to. Let A C R have an upper bound s € R

[ — s=sup(4d) <= Ve>0da€A:s—e<a ]

b

sup(A)

Proof. Given that this is a bi-conditional statement the proof will follow by cases

Proving the (=) case, directly.

Let s = sup(A) Ae >0
Consider s —e < s by order

" 5 is the least upper bound = s — € is not an upper bound
— dacA:s—e<a
Proving the ( <= ) case, by contradiction

LetVe>0Jdac A:s—e<a
Suppose s # sup(A)

= Jb:b>aVaec ANb<s by supposition
lete=s—b

= dJac€A:s—e<a by the premise

— s—s+b<a b is an upper bound
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2.2.2 The Density of Q and I in R
R=QUI

The notion of density stems from the definition A subset X of R is said to be a "dense"
subset of R if for every w € R,there is a sequence {x,} of numbers in X which converges to
w. This definition is beyond the scope of this course and we are to think of it as follows;
say dW C R then W sitbdensein Riff Ve, y c RAw e W,z <w < y.

This is the definition to be employed here in and is such that between every two real
numbers another number which is an element of a dense subset of R can be found
between the two said real numbers.

As seen above Q and I are dense subsets of R. This shall be proved below.

Theorem: The Archimedean Property of R

Another property of the real numbers which shall be employed to show the density of the
field is the Archimedean Property and can be stated as such The set of natural numbers
has no upper bound. The statement can be equivalently presented as the following within
the context of the real numbers

1. Va € R,dn € N:n > a There is no largest real number
2. Vx,y ¢ R,z >0, dn € N:nx >y There is no smallest real number
3.Vz€eR,2>03neN:0< + <z There is no smallest real number

1.Proof. To prove that N is not bounded above an approach by contradiction is taken.
Suppose that N is bounded above
— da:VneN,a>n - N#£(
= a>n+1vneN since « is the least upper bound
— a—-1>nVYneN

contradicting the fact that « is the least upper bound.Thereby proving that N is not
bounded above. [J

2.Proof. To prove the second equivalent statement of the Archimedean Property the proof

above is used as a lemma towards contradiction
Consider nx >y =n > x>0

Suppose A n > premise of contradiction

Z 8 ley <

— n<y‘v’n6
x

This states that £ is an upper bound for N contradicting the lemma.Thus the second
statement is shown to be true. []
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3.Proof. To prove the third equivalent statement of the Archimedean Property the first
above is used again as a lemma towards contradiction

1 . -
Suppose — > ¢e:e € R premise of contradiction
n
1
— n<-VneN
€

This states that % is an upper bound for N contradicting the lemma.Thus the third state-
ment is shown to be true.

Theorem: The Density of Q in R
r,2yeER:z<ydgeQ:x<qg<y

Proof. Consider that it is known that rational numbers are of the form § ' p,q € RWith
this notion in mind we can establish the proof by figuring out what these p and ¢ would
be to exist within a continuous interval of two real numbers x and y.

letz,y e R:z <y

= eR cy—x >0
y—z
1 1
INeN:N>—:y—a> N By the Archimedean Property (2)
y—x

ConsiderAg@:A:{%:mEN}

Claim: A N (z,y) # 0 implying that there is a rational number between the two real
numbers.Proceeding by contradiction

= AN (z,y)=10 Premise of contradiction

Taking my such that m; is the greatest integer satisfying this inequality i+ < @

> Given that z — y > —
N y v xT—y N
— <m1+1 mo 1
T — —_— ==
IY=7N N N
1
= —<z-
N -t
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Theorem: The Density of I in R

rywyeRiz<ydtel:z<t<y

Proof. Making use of the density of rational numbers in R and the knowledge that v/2 € T
it will be shown that an irrational number must exist between two real numbers x, y.

letz,yeR:x <y

— Y
V2 V2
€ Yy . .
JreQ: =< Vor< = By the density of of Q in R
Q 7 3 y y Q
ﬁr:]z:p,qu \/ﬁre(@bydensity
q
Butr:@:m,neN re@Q
n
. St ?
n q

— v2=""co
nq

V2el = Vorel
N2 e (x,y) by contradiction

2.2.3 An introduction to C

Some definitions for C Any element in the complex set is defined as an ordered pair

of real numbers
z=(a,b) ERxR:a+ibAi*=—1

a is referred to as the real part of z whilst b is the imaginary part. The complex numbers
form a field under addition and multiplication just as the real numbers did and thus follow
the 11 rules stated in section 1.1. Of course addition and multiplication work a bit differently
for complex numbers and that’'s what will be outlined within this section.

Consider 21,20 € C: 21 = (a,b), 20 = (¢, d)

32



Notes on MAT1211 Jake Xuereb

Addition (a,b) + (¢,d) = (a+¢,b+d)
Multiplication  (a,b) - (¢,d) = (a-c—b-c,a-d+b-c)

Multiplicative Inverse in C To derive this notion let us consider its definition and that
of the identity where a multiplicative inverse would take us to the identity

(a,0) - (z,y) = (1,0)

Applying the definition of multiplication achieved earlier two simultaneous equations are

attained
ar —by =1
br +ay =0

Solving this one achieves

a —b
b) - , = - =(1
(a,0) ((12 + 027 a? + 1)2> (1,0)

Which defines the multiplicative inverse for any complex number (a, b).

Some Facts in C
Theorem 2.2.2. Let z and w be complex numbers. Then

1. Z2=12

Z=z < z:2=(a,0)JaeR

© N o U B~ W N
w
g
I
I
g

9. lz+w| < |z| + |w

These statements are all trivially proven barring (9) The Triangle Inequality in C which
will be proven here under directly.

Proof. The proof will follow directly by cases.
Lz2=0Vw=0
2. 2= AwVAIER:A>0
3. z= wVIeR:A<0
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4. z £ AMVAIER ANw #0
For 1. It is evident that |z + w| < |z| 4+ |w]| holds by cases of equality

0+ w| = [0] + |w] |2+ 0| = 2] + 0] |0+ 0] = 10| + [0]
lw| = |w] 2] = |2] 0=0

For 2. Consider that by the case w = %z
z+ 2 by premise of case
1 —

z+ N7 by definition of absolute value

1
|z + ‘XZ by definition of absolute value

— |o+ 32| =Ll +| 5

itz =1z G

Meaning that this case is also true by equality and since for case 3 z > % then similarly 3
holds also.

For 4. It is evident that the following quadratic equation is sensible

0< |z —Aw?
0<(z—w)-(z—Iw) )\w) by fact 7
0<(z—Aw)-(Z—\w) by facts 4 & 5
0 < 2z + Nww — Mwz + 20) by def'n of muiltiplication in C
0 < |2* + M|w]* — MwZ + zw) by fact 7

It is clear that we've now got a quadratic equation in terms A on our hands with a dis-
criminant of the form

(wz + zw)? — 4|lw]* - [2]* < 0 Real Coefficients with no Real Sol.
Since (wz + zw), |w| - |z] € R and also |w]| - |z] >0
lwz + zw| < 2w - |2| )

Now consider |z + w|? with the form of triangle inequality in mind

|z +w)® = (z +w) - (2 + ) by fact 7
[z + 0l = |2* + |wf* + (wz + zw)
|z +w? < [2]* + |w]® + 2[w| - |2] by the inequality ¢’

|2 4+ w]* < (J2] + [w])?
= |z +w| < |z| + |w]

34



Notes on MAT1211 Jake Xuereb

2.2.4 Intervals

Within analysis it is often or perhaps even the main point of interest to understand what
is happening within some function for a given distance, a region of sorts around a point.
The nature of such regions is fundamentally different for functions which exist in C or R.

Intervals are typically presented in one of two ways.

Either describing some region between two points a and b as |a — b| which can be denoted
(a,b) or ]a,b[ if the interval is open meaning that the end points are not included and a
point in the is interval would be of the form

re{r:a<z<b}

Or alternatively describing the interval as an area around some point where z can lie near

this point within a given limit or range typically denoted e. Again this distance is open or
closed depending on the inclusion of the extremities.

lrt—a|<e = a—e<r<a+e

a— € a + €

Open Discs and Intervals in C Given that the
complex plane is not one dimensional and involves 3(2)
things of the form

(a,b) ERxR:a+ib A i*=—1

then when talking about distance from a point we can —
no longer thing about distance in a singular direction
as on a one dimensional line but now within the con-
text of a 2-D axis typically referred to as an Argand

Diagram meaning we're going to start getting circles
|

El)
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2.3 Functions & Countability

The size of sets or rather comparing the size of sets

is of great mathematical relevance both within the context of combinatorial mathematics
but also within the context of analysis.

To compare the size of sets, functions are used thus below a brief foray into functions is
given after which finiteness and countability will be discussed.

A function is a set relation from a set A to a set B which to satisfy a rigorous definition
must satisfy two conditions. Using the notation f : A — B we indicate that

i)Yae AJbe B: (a,b) € f

meaning that each element in A is assigned an element from B of the form f(a) and
the region f(a) is known as the of a under f also referred to as the function. The
domain of the function is A and the target or codomain is B.

f(a) B

f:A—>B

ii)Va € ANYDb € B, if (a,b) € fA(a,c) e f = b=c

The second condition shown above is what is meant when one posits that a function is
well-defined. For this condition to be satisfied to each element of A precisely one element
of B is assigned. Thus each element of A is related to not more than one element of
B.This infers that one-to-many mappings are not functions.

Given that a function is a set relation between to sets it can be viewed as a subset of the
cartesian product of the domain and the codomain. Within this same light one can think
of it as enforcing a rule ex: y = 2% enforcing the rule that two variables are related by
one’s square.

— f:A—>BCAXB

The graph of a function f : A — Bis {(x, f(x)) : * € A} this is the pictorial represen-
tation of this rule that we are all familiar with, for this particular example of y = 22 we
know it would like something like this

36



Notes on MAT1211 Jake Xuereb

2 4

For a function f : X — Y the image of T" under f, f(T') such that T C X is the set

fT)={ycY :3xeT: f(z)=y}

The inverse image of a function is denoted by f~! and is not to be confused with the
inverse function. The inverse image applies the same notion of the image but applying it to
a subset of the codomain of the function. Considering C' C Y the set will look something
like this

O ={r e X : Iy e C: f(x) =y}

2.3.1 Surjectivity & Injectivity

The section title includes two fancy names which describe in what way the domain is being
mapped to the codomain and so what type of range the function creates.

A One-to-One function is one for which

if f(al) = f(ag) then a; = ao

meaning that as the name implies there is a one to one assignment between the domain
elements and the related image elements. These of functions are also known as injective.ln
terms of , for a function f : A — B, if such a function is injective then this
must imply that

and this makes intuitive sense as if every element of A corresponds to an element in the
image which is a subset of B, then the totality of B is larger than A

An on-to function is one for which the range is equal to the codomain so for

f:A—- B = ran(f)=B
Vye Bz € A: f(z) =y

This implies that every element of the domain is related to an element of the codomain.
These of functions are also known as surjective.In terms of , for a function
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f + A — B, if such a function is surjective then this must imply that

and this makes intuitive sense because if each element of A is mapped to every element in
B then it stands to reason that it is either a many to one or a one to one correspondence.

It is good to appreciate that an injective relation is a forward one going from the domain
to the image and can be approached as such whilst a surjective relation is a backwards
kind of thing where one starts out talk about the range and moves back to the domain.

2.3.2 Bijections

A bijective function is one which is both injective and surjective. Informally this may be
referred to as a one to one correspondance between sets and can be expressed

Vb € B J preciselyonea € A: f(a) =0

This infers that every element in the domain corresponds to single element in the range.

If one is able to form a bijection between two sets then it becomes clear that these two
sets possess the or size.

2.3.3 Compositions
Consider two functions f and g
f:A—=B g:C =D
Their composition from A to D is the function go f : A — D = g(f(z))
The composition of functions is associative but not commutative.

ho(gof)=(hog)of fog#gof

Proof: Associative Law :- ho (go f) = (hog)o f

Restating f: A— B,g: B—~Candh:C —-D = ho(gof)=(hog)of
Consider gof: A—C = ho(gof):A— D
Consider hog: B—+ D = (hog)of:A— D

Letx € (go f)oh Letz € (hog)o f
< g(f(z)) o and h(g(z))o f by def'n of functions
“h(g(f(x))) = h(g(f(x))) by def’n of functions OJ
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234

A bijective function f : A — B that means that there exists a well-defined function
g : B — A which undoes the effect of f. Now their compositions go f : A = A =4
and fog: B — B =ig. The function g which implies these properties is known as the
inverse function of f denoted by f~!. It is well-defined for bijective functions itself being
bijective.

Consider two functions f and g

f:A—B

Inverse Functions

g:C—D

This implies that go f : A — D if it is a bijective function has an inverse fog: D — A.

2.3.5 Character Persistence in Composition

If f: A— Bandg: B — C are injective functions show that go f is an injective function

also.
Consider go f: A — C

Let 1,20 € A:go f(z1) = go f(xq)
= g(f(z1)) = g(f(22))

Let y1 = f(21),y2 = f(22)

= g(y1) = 9(v2)

by definition of composition

by definition of composition

by the injectivity of g

by the injectivity of f

.. go fis an injective function ]

The converse of this proof would be that if a composite function is injective then the
functions comprising it must be injective also. A counter example to this would be the
function f o g(x) = e* which is the composite function of f(z) = z? a non-injective
function and g(x) = e” an injective function.

If f: A— Bandg: B — C are surjective functions show that g o f is a surjective

function also.  ¢ygider gof:A—C
Let z € C

<~ yeB,Iz:g(y) ==

— ze€ATy: fly)

— z€ A3z 1 9(f(y)

=2z
)=z
< r€AJz igoflx)==2

by definition of composition

by surjectivity of g
by surjectivity of f

by definition of composition

.. go fis surjective also UJ
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2.3.6 Countable Sets

A set A is said to be countable if a bijection can be formed from this set onto some
subset of N N,,, sharing the same cardinality n, of A. This is the case for all finite
sets.

Otherwise it is known as uncountable.

Tweaking the orange box definition some what we can use a surjection to show a many
to one relation between N and a set A rather than a bijection with a subset of N. The
resulting statement has the same effect but has no need to make use of the notion a
subset of N.

Theorem 2.3.1. A non-empty set is countable <= 3 f : N — A which is surjective

Proof. Surjectivity in terms of cardinality infers that N is larger than A.

( = )This gives two cases following the premise that A is countable;

The first case is relatively trivial for the case where A is countably infinite. This means
it shares the same cardinality as N and f : N — A is bijective and as a result surjective
as required.

Now considering the case where A is countably finite.

w >k

emmmm e mmmn

0
O]

In the figure above the dashed lines show the infinite nature of the set N. The
figure shows that assuming that there is a bijection for some section of the two
sets, given that there is an infinite number of elements in N they surely exhaust all
the elements of A.
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Jf:N,— A

= ny = f(ny)Vw € k] Bijective subsection
Nwsk = f(ng) 3

N>k € N many-to-one

If there is some unused element in A by this many to one relation then given that N is
infinite this element will to be used within the vain of the Hilbert Hotel case. The whole
of A is exhausted by the infinite nature of N under the supposition the A is finite.

Now considering ( <= ) we start with the presumption that the function is surjective to
show that A is countable

Considering f : N, — A is surjective
= VacAdIneN: f(n)=a

Now consider f~!(a) which would take each element in A to some element in a subset
of N

= fHa)=f"a) = a=D
Thus f~1 is injective meaning that there is a bijection between A and some subset of N.

Therefore A is countable by definition.

The following are stated without proof
* If a bijection can be formed from a set A to N then such a set is said to be countably
infinite.
« |A| <|B|A|B| <|A] = |A| = |B]| - Cantor-Bernstein Theorem

Corollary 2.3.1.1. If A is countable and f : A — B is surjective then B is countable.

Proof. The proof will follow directly from the definition of countability and surjectivity as
well as the inverse function technique made use of in the preceeding theorem.

— J¢Y: W — A: W C N which is bijective By def’'n of countability
f A — B is surjective by premise
= |4l = [B|
— I ZCA:f':B— Zis bijective by surjectivity
= f o is bijective Persistance of composition

—> 3@ : N — B is surjective
Therefore B is countable also
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Theorem 2.3.2. N x N is countably infinite

Proof. We are to construct a pairing function that maps bijectively from Nx N to N to show
the countability. A multitude of such functions can be expressed as shown by Cantor but
the function used hereunder is given as it is the "textbook" example.

Consider the function f(n,m) = 2"3™, for proof it will be showing to be bijective.

For injectivity: f(p,q) = f(n,m) = (p,q) = (n,m) to be shown
2P31 =2"3™

This infers that the image or codomain is composed of products of the primes, 2 and 3
= p =n /A ¢ =m By the fundamental theorem of arithmetic

For surjectivity, one considers that the pairs have the cardinality of the range and as such
the domain must share the cardinality of the range. This implies that the range and image
are equal and f : N x N — N is surjective.

The function is thus bijective and N x N is countable by definition

Theorem 2.3.3. If A, is countable Vn € N, then | J,,. An is countable.

Proof. The proof will follow by showing that there is a bijection with some subset of N or
some other set we have shown to be countable above.

A union of sets is quite messy and difficult to handle given that it is a set of many elements
from an infinite number of sets so it stands to reason that organising these elements will
be productive. An array is constructed where the ith row contains all the elements of the
set A; and the jth column represents the jth elements from the A, sets.

11 Q12 Aarsz - Qin
Q21 QA292 Q23 -+ 0G2p
ap1 Ap2 Apn3 - Gpp

Now it is evident that given 7, j € N a function may be constructed which given an ¢, j entry
gives an element in the set. Such a function would surely be of the form f: N x N — N
(of the form as the function is actually f : N x N — U”aﬁJ A,) which was shown to be

bijective above and thus by the countability of N x N, (J,, .y A» is countable also. ]

Note that this argument is obviously extendible to finite unions of countable sets by con-
sidering subsets of N.
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Theorem 2.3.4. Q is countable

Proof. The proof will follow by recalling that V ¢ € Q" 32 = ¢ : n,m € N thusly a
pairing function may be constructed in such a way where (n,m) correspond to ™ and so
f(n,m) = q. This pair is clearly constructed from N x N and so the pairing function would
be of the form

f:NxN-—=Q"

This function is clearly bijective given that each pair is related to precisely one ¢ in an
exhaustive manner by definition of ¢ € Q" meaning that Q7 is countably infinite by
theorem 1.2.2. A similar function can be be constructed for Q~ and since

Q=0Q"u{ojuQ"

Then by Theorem 1.2.3. QQ is countable. ]

Theorem 2.3.5. The finite product of countable sets is countable

Proof. The proof will follow by induction.

Consider some family of countable sets Ay, .For the base case, the cartesian product of
two countable sets A; and A is considered.Given that they are both countable then both
of them may form surjections with N

f:N—= A g:N— A,

This infers that a surjection using these functions together is attainable in the following
way
h:NxN— Al X AQ

= h:(a,b) = (f(a),g(b))

By Theorem 1.21 and Theorem 1.22 A; x A, is countably infinite given that it forms a
surjection with N x N,

Now the inductive hypothesis will be to assume that some subset Ay, of the family Ay,
is countable and now for proof it will be shown that A, is countable also.

A function ) may be constructed pairing the product set Ay, which is countable by the
induction hypothesis to the set Aj;, which is countable by the premise.

(A X Ay X oo X AR) X Ay = (A X Ag X oo X A X Apyr) = A

A[k] X Apy1 — A[k:+1]

Now consider that in the domain of the function, the pairing side. As mentioned above,
the product set is countable by the induction hypothesis and the set A, is countable
by the premise. By applying the same reasoning used to show that the base case stands
it becomes evident that the domain is countable.

Evidently this function is bijective and thus A,y is countable. [
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2.3.7 Uncountable Sets

Theorem 2.3.6. R is uncountable

Proof. The proof will proceed by contradiction.
Recalling the definition of countability, for contradiction, it will be assumed that

Jf: N>R, VreRIneN: f(n)==x

Where the condition at the end of the statement is surjectivity. Given that R is infinite
it can also be said that this function would be injective and so bijective by their common
infinite nature.

This would suggest that every element in R can be labelled

R={xy,29,...,2p,...|¥n € N}

Now breaking this set down into nested intervals such that an interval I,, = [a,41, b,] does
not contain the element n and contains the interval 1,,,; we visualise

]2 [ |

aq a2 as Q4 b4 bg bz bl

Now considering the intersection of these closed intervals, it is obvious that

Tny & () In
n=1

By the premise that I,, = [a,1,b,] and as visualised by the point a;.
Recalling that I,, = [an1, by] is a reorganisation of the labelling of

R, {z1,79,...,2p,...|Vn € N}

it would seem that some z,,, € R in the diagram «, is not in I,, by the premise of the
reorganisation one realises that an element z,, will be found in only one of the two disjoint
closed intervals of I,,;,meaning when considering the intersection of all the intervals there
will be no such z,, € R which is found in every closed interval

= (L.=0
n=1
This notion contradicts The Nested Interval Property of the real numbers (Theorem 1.1.1)
and shows that such a labelling and so bijection onto N is not possible. Thus R is shown

to be uncountable. O
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Cantor’s Diagonal Argument
Theorem 2.3.7. The open interval (0,1) = {x € R: 0 < x < 1} is uncountable.

Proof. The proof will proceed by contradiction.
Recalling the definition of countability, for contradiction, it will be assumed that

1f:N—=(0,1),Vze (0,1)IneN: f(n) ==z

Where the condition at the end of the statement is surjectivity. Extending this further
using the intuition that (0, 1) it may also be assumed that a function of this sort is also
injective and so bijective.

This means that we can enumerate or label each number in between 0 and 1. Consider
the decimal representation of these numbers ay,, ,,; where m is the enumeration number
and n is the decimal place of a number within that m-th decimal representation of the
number in between 0 and 1. So for example a5 7 would be the number in the 7th decimal
place of the 5th enumerated real number in between 0 and 1. Having constructed such a
system for organising and representing the numbers between 0 and 1 let’s visualise them

m N | f(m) | ama | Gm2 | Gms
1 f(l) Ayl | 1,2 | A13
2 f(2) G271 | A22 | 423
3 f(3) | asq | ass | asgs
4 f(4) Q41 | Q4,2 | Q43
Now we must show that there is some a,, [,) which can not be represented in this list.

To do such we implement the following condition to define some number in between 0O
and 1. Let this number be called b such that its decimal digit will be represented

b 1 ifapm#1
T2 ifamm =1

This means that by construction the first decimal place of b will be different from the
first decimal place of f(1) and the second decimal place of b will be different from the
second decimal place of f(2)

= by # Amm

— b f(m)VmeN

b is not in the list !
Thus there is no surjective function from N to the numbers between 0 and 1.
By contradiction. ]
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Cantor’s Theorem
Theorem 2.3.8. Given any set A, there does not exist a function f : A — P(A) which is
surjective.

What we're saying in terms of cardinality is that |A| # P(A) if a surjective function, which
is perhaps obvious from the definition of the power set but let's show this rigorously.

Proof. The proof will proceed by contradiction.
Recalling the definition of countability, for contradiction, it will be assumed that

J3f:A—=PA),VeeP(A)JacA: fla)=x

Where the condition at the end of the statement is surjectivity.Now this means that as
before we should be able to relate every a € A to some subset of A found in P(A) by
the supposition.

For contradiction, we must show that there is some subset of A in P(A) which cannot
be mapped to some a € A so that this subset would not be found in the image of the
function.

Consider the subset

B={ac€A:a¢ f(a)}

This subset is constructed of the elements in A which map to subset in P(A) which does
not contain a itself. Thus by construction of B it is evident that B is not in the image
of the function

= b¢ fla)VbeB
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Chapter 3

Sequences and Limits

3.1 Some Motivation

A well-known mathematician (while still a child) interpreted the meaning of
the sum of an infinite geometric series in the following way.

There was a type of chocolate which was popularized by putting a coupon
in the wrapping, and anyone who could produce 10 such coupons would get
another bar of chocolate in exchange. If we have such a bar of chocolate, what
is it really worth? Of course it is worth more than just one bar of chocolate
since there is a coupon in it, and for each coupon you can get 1/10 of a bar of
chocolate. But with this 1/10 of a bar will go one tenth of a coupon, and if for
one coupon we get 1/10 of a bar of chocolate, for 1/10 of a coupon we get 1/100
of a bar of chocolate. To this 1/100 of a bar of chocolate belongs 1/100 of a
coupon, and for this we again get 1/10 as much chocolate, i.e. 1/1000 of a bar
of chocolate, and so on... This process can go infinitely, so that my one bar of
chocolate together with its coupon is in fact worth 1+1/10+1/100+1/1000+-... bars
of chocolate. On the other hand, this is exactly 10/9 of a bar of chocolate. 1is
the value of the actual chocolate and the coupon that goes with it is 1/9 of a
bar of chocolate. Indeed 9 coupons are worth one bar of chocolate because
you could ask for such a bar and tell that you will pay after you eat it. So you
eat it, take out the accompanying coupon, and give 10 coupons back which is
exactly what is needed for one chocolate bar.

R. Péter, Playing with Infinity

If you like chocolate, then you need to like series too ! Not just any type of series either,
infinite series, and to understand those we need to first understand finite series and that's
where we'll start down here.
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3.2 The Limit of a Series

3.2.1 Formalisms
Definition 3.2.1. A sequence is a function whose domain is N.

This definition means that a sequence is a list of labelled or ordered numbers echoing
back to the many cases of labelling by f : N — R that were carried out in proofs from
the previous section. In other words, a labelled function such that the nth term of this list
is f(n), can be called a sequence.

Similarly f : N — C would describe a complex sequence.

Notation To refer to some term in a sequence the notation a,, = f(n) is used whilst
the notations (a,)nen or (a,) for the whole sequence.

Z, 7
v ° W o™
S S
~— ~— o [e]
o
o o
o >
o o o
o
o o o °
oo
oo
0ooo ©,0

The picture above on the left is a visualisation of the (1) sequence whilst on the right

is a visualisation of a sine sequence. What is important to note is the evidence that the
domain is N and thus discrete whilst the domain is part of R

3.2.2 Convergence of a Sequence

Definition 3.2.2. A sequence (a,),en converges to a real number « , referred to
as the limit, if for every positive number ¢, there exists N € N such that whenever
n > N it follows that |a, — a|] < e.

This phenomenon is denoted lim a,, = @ or a,, — a for (a,) which converges to the limit
of a.

In light blue above, two cases of convergence are given.

On the left the convergence is clear such that lim,,_, % = 0 but for the case of the sine
series, its subsequences converge to two distinct limits meaning that the function overall
does not converge ! More on this in sections to follow
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The definition of convergence as given above seems a bit difficult to digest on a first
read. The best route to take towards understanding this concept is to understand what
la, —a| < €is.

Definition 3.2.3. - Neighbourhood

Given a real number a € R and a positive number € > 0, the set

Vi={z eR:|x—al <e}

is called the c-neighbourhood of a

So an e-neighbourhood if a contains all the points which are at most € away from a or in
other terms creates an interval with radius € about a.

From this definition it is becoming clear that convergence is thus the accumulation of the
points of a function about some point within its e-neighbourhood. Let’s state this more
formally leading to a definition of convergence which is perhaps a bit more pictorial.

It should be noted that making use of section 1.1.7 it is evident that in C this definition
will be equivalent using a Open Disc.

Definition 3.2.4. A topological take on Convergence

A sequence (a,) converges to a if, given any e-neighbourhood V,(a), there exists a point
in the sequence,ay, after which all proceeding terms are found within V,(a).

As a resuslt, ever e-neighbourhood of a converging sequence contains all but a finite
number of terms of (a,).

Negating the Definition of Convergence As given above the definition of convergence
tells us that some sequence (a,,) is convergent to some limit a if for all points greater
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than some point NV in its domain, the sequence occupies an e-neighbourhood around a.
(a,) > a <= ¥Yn >N:NeN,|a, —a| <e

What's the negation of this statement ? What does it mean for a sequence to not converge
to some point. This is what the negation of this statement tell us. Mathematically this is
straightforward

(a,) Aa < VYNeN, In>N:|a—a,| >e

But what this means conceptually is that we will always be able to find at least one
point which exists outside an e-neighbourhood for any choice of N.

3.2.3 Null Sequences

Definition 3.2.5. If lim,,_, a, = 0, the sequence (a,,) is called a null sequence meaning

Ve>0,IN eN:|a,| =]a,—0/<eVn>N

Example 1 Consider the sequence (a,), where a,, = % let's show this is a null sequence.

Proof. Let € < 0 be arbitrary.
To proceed we recall what convergence means and the notion of an epsilon neighbourhood.
By the Archimidean Property of R NV is selected such that there will always be a number
N such that ~ is smaller than .
1
- N <€

Now consider that for convergence n must be within the epsilon neighbourhood where
points are smaller or equal to N

IN

1<
Ne

SI—3 |-
AN
o

——0<e
= Ja, — 0| <€

colima,=a=0
n—oo
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The Approach When proving that a function converges to a given limit we always
start by saying "Let € > 0 be arbitrary". After this comes the most crucial but
perhaps initially counter intuitive step as we start by considering where we want to
end up for the proof.

lan, —a| <€
is considered and using this /V is chosen. Having now found this N we legitimise
our choice using n.
The inequality is then derived.

Let’s try this method out in some more examples.

Example 2 Consider the sequence (a,), where a, = \/iﬁ let's show this is a null se-
quence.

What we want to end up with from the definition of convergence is clearly

e

This infers that a good starting point for the choice of N would be

— <€
VN
1 2
— <€
N
1
With this in hand we can start the proof.
Proof. Let € > 0 be arbitrary.
Choose N € N satisfying
1
6_2 <N

as the boundary of the epsilon neighbourhood of convergence. Affirming this, let n > N

1
6—2<7’L
1
— —0<e

NG

—

1
%—O‘<E

colima,=a=0
n—oo
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i 2 —
Example 3 Show that the sequence a,, = lim s =0

As is typical we start from what we know, which is what we want to attain a choice of N.
Using the definition of convergence and the knowledge that the sequence is allegedly null

‘ 2
< €.

vn+3

This would mean that IV the boundary of the e-neighbourhood would be of the form

2
‘\/N—i—S
4
N +3

<

2

<
4
€
With this choice in mind we now move on to the proof.
Proof. Let € > 0, arbitrarily.

Choose N € Ntobe 5 —3 < N.
For affirmation let n > N

Example 4 - Applying % Show that the sequence a,, = lim ”T“ =1

We want to end up with

+1
o — 1‘ <e€
n
Reformulating the term on the left
n+1-n 1
— | = || <€
n n
1
-<n
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Proof. Let € > 0, arbitrarily.
Choose N € N to be % < N.
For affirmation let n > N

Thus it is evident that ”T“ —-1- O‘ < € and so the limit is indeed 1 given that when 1 is
taken to LHS it became 0. 0

The size of the e-neighbourhood of non-null sequences and convergence within
half of the limit
Theorem 3.2.1. Iflim, ,oca, =a #0,then3d N € N :

lan| > |;i‘Vn > N.

Moreover, if a > 0, then one has
a
Ay > 5 Vn 2 N,

whereas if a < 0, then one has
a
a, < 3 Vn > N.

At first glance the theorem seems somewhat abstruse but let's break it down into bits
and pieces understanding it in parts. The first bit of information that is derived from the
condition is that the theorem applies to sequences which are not null and thus have some
limit, @ # 0. The theorem then posits that as a result of the sequence not being null the
size of some edge point, ay, of the e-neighbourhood must be smaller than half the size
of the limit.

Thinking of this from another perspective one can interpret this as having the distance
between a and ay be at the least L‘Q”l

o

@77
h
H

This is indicative of the € value which will lead to the proof.
The points which follow are cases of the preceding statement which should be fairly easy
to proof. Now that we understand what's going on, we're ready to begin !
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Proof.

. . o |a‘
Using the reasoning presented above, let € = 5

INeN:Vn>N

since a # 0, by definition of convergence

lal

" — —. 3.1
an—al < & @
Now consider
la| = |a — an + ay| (3.2)
by applying the triangle equality
la — an, + an| < |a — ay| + |a,]|. 3.3)
= |a| < |a— an| + |an] (3.4)
= a| — |an| < |a — ay| (3.5)
Making use of the e relation from (2.1)
= |a| — |a,| < |a, —al < % (3.6)

Initially line (2.6) may seem incorrect but we're just talking about distance so whilst ex:
a, — a may give a positive value and a — a,, may give a negative value their modulus and
hence what we talk about when we talk about distance is the same! And so, this type of
value swapping is permissible.

= —an| < % — |al (3.7)
lan] > Ja] - 1 38

2

. |al
colan] > 5 (3.9)

That's the first part done now let’s prove the cases! Before we can do this a relation must
be derived where a,, is considered and not |a,,.
Starting with the e relation

By definition of e-neighbourhood this may be reformulated as

—M<a—a<mz>a—ﬂ<a<m+a
2 " 2 2 )
Thus,
{a>0:>an>%Vn2N

a<0 = an<§Vn2N
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3.2.4 Informal Divergence

Definition 3.2.6. A sequence that does not converge is said to diverge.

(an)neN

This notion completely opposes that of converges such that points within a converging
series get farther away from each other after some N.
This gives us a vague idea of what divergence is but let’s investigate this notion by con-

sidering the series
! 11 11 11 11 11 1
Y 2’37 4757 5757 5757 5757 57 *

The definition that has been ascribed to convergence is intrinsically reliant on there being
an N & N for every ¢ > (. Now given that divergence is defined as the negation of
convergence then within a divergent series there does not exists an N € N for every
e > 0.

From a graphical perspective this would mean that there are e-neighbourhoods within a
series which cannot be evidently specified by some N.

The series given above in parentheses clearly has e-neighbourhoods which have a corre-
sponding N. € = % corresponds to N = 3 but what if we consider € = % ?
If this were the case the series would converge at some value of either % or % leading to

two cases

1

— —Qa <_

5

< — ———a

1
)

1 ‘ 1

By applying the triangle inequality and subtracting the two situations together
0 1 n 1 1 fas 1 < 1

=|l-+-|=|-—a+a+ < - —a
5 5 5 5/ 7|5

<1+1_1
10 10 5

IE
- T
5

1

Thus, it is clear that for ¢ = =, N is unknown and such a sequence is divergent.

Further Example Show that the sequence
(-3,-2,—-1,0,1,0,1,0,1,...)

is divergent.
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Proof. Proceeding by applying the approach from the expository problem we assume that
the sequence is convergent to some e-neighbourhood for some N € N and then show
that this is a contradiction and that so not every ¢ < 0 has an associated N € N. Thus
giving evidence for divergence.

Assuming convergence, consider € = % which by the assumption means that

1
INeN: fornZN,\an—a|<§

Now it is evident that for any IV the series will take up values of 0 or 1

-l <5 0—al< .
3 3
By applying the triangle equality and subtracting the two
1 1 2
1=11-0/=1- -0/ <1— —0<=4+=-==
1-0=l-a+a-0[<[l-al+]a-0l<g+g=7

3.3 Boundedness and Limit Theorems

The study of convergent sequences is motivated by a want to understand the behaviour
of a limit.

One way we can do this is by examining the boundedness of a sequence.

Much of what is covered in this section is informed by what was discussed in sections 1.1.3
&1.14.

3.3.1 Convergent Series are Bounded

Definition 3.3.1. A sequence (a,) is said to be bounded if there exists a number M > 0
such that |a,| < M VneN

()T
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Theorem 3.3.1. Every convergent sequence is bounded

First let’s think about this about what it means to be convergent. Convergent sequences
are those which after some point in the sequence ay will become confined to some e-
neighbourhood.

This confinement is within its very nature, as depicted in the figures above with e-
neighbourhoods in blue, indicative of some maximum point.

Proof. The proof will follow with this notion in mind using the definition of convergence.

S

Consider the sequence (ay,)nen With lim,, . a, = a and taking ¢ = 1, by definition of
convergence 3 N e N:Vn >N

la, —al < 1.
With this relation in hand, consider now
la,| = |a, —a + al
which by applying the traingle inequality
la, —a+ al < la, — a| + |al.
By the e-neighbourhood relation derived in the preceding lines
la, —al + |a] < |a] +1

And so
la,| < |a|] + 1.

This shows that the points in the e-neighbourhood are strictly bounded by |a| + 1 but the
argument made exclude the finite terms which do not coincide in the e-neighbourhood
such that they are labelled by

n < N.

Accounting for these terms;
let M = max{  |al + 1}

apl > MV neN

It is good to note that reversing this argument is not consistent.
Boundedness is a necessary condition for convergence to occur but it is not within itself
a sufficient condition for a sequence to converge.
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3.3.2 Algebraic Limit Theorem

Now that an understanding of what limits are has been achieved one need to start under-
standing some basic rules of operations related to and making use of limits. This is what

The Algebraic Limit Theorem is about.
Theorem 3.3.2. Letlima, = a, and limb,, = b. Then,

I lim(ca,) =caVeceR
2. lim(a, +b,) =a+b

3. lim(a,b,) = ab

4. lim(%) = 2 given b # 0
Proof. For 1.

Starting from what we know to attain a choice of .
By definition of convergence it is evident that

|ca,, —ca] < eI e>0.

This can be rearranged
lel|lan —al <€
€
]

This relation being achieved we want to choose an N such that Vn > N

= |a, —a| <

la, —al < £ oceurs.

¢l

In affirmation consider the initial form
|ca,, — cal = |c||a, — a]

Now implementing (2.13) let n > NV n

El | < e =
clla, — a Cl—
" ]

. elan, —a| <€

(3.10)

3.1
(3.12)

(3.13)

(3.14)

(3.15)
(3.16)

The case has thus shown to hold V¢ € R except for 0 where it reduces to a sequence of

0s which converges to 0 showing that 1 holds indeed for all cases.

For 2.

A similar preliminary exercise to suss out the choice of N must be carried out.

By definition of convergence we wish to end up with

lan, +b, —(a+b)| <eTe>0
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la, —a+b, —b)| <e.

Now applying the triangle inequality this interval can be split
la, —a| + |b, — b)| <.

To move forward, by the hypothesis that a,, — a and b,, — b, we split the € such that two

points exist corresponding to convergence N; and N, relating to each limit, respectively.
Giving;

]an—a\<§whenn2]\ﬁ ]bn—b\<§whenn2]\f2
For n > {Ny, No} we choose N = max{Ny, No} such that Vn > N

€

\an—a]<2

€
b, — b| < —.
bu— bl < 3
In affirmation consider the initial form

|a, + b, — (a+b)|.
As earlier by the triangle equality

la, + b, — (a+b)| <la, —a| + |b, — Y|

and now by the hypothesis of n > { Ny, No}
€

2

|an+bn—(a+b)|§|an—a\+|bn—b|<§+ =€

Thus the sum of two neighbourhoods is the sum of their limits.

For 5.
Again we start by finding a way to choose /N. We wish to end up with

|a,b, —ab] < ede > 0.

Once more we wish to separate the interval and apply the triangle inequality. Consider
the following to move in that direction

|anbn - ab| = < €

|a,b, — ab, + ab, — ab| = |b,(a, — a) + a(b, — b)| < €.
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Thus by the triangle inequality
b (a, — a) + a(b, — b)| < |by||a, — a| + |a]|b, — b

As within 2. we wish to once more split the inequality making each part less than 5.
For |a||b, — b| this will be simple as before given that |a| is constant. As such there exists
some NN; such that when n > N;

€
b, — b < =
allbn — bl < 5

€

b, — b .
oo =0 3

Now, for |b,|a,, — a| the case is now more complex as b, is a variable and not a constant.
What we wish to do is make |b,| less than some positive § and recalling Theorem 2.3.1
with the hypothesis that b, — b then b, must have some upper bound, say M : b, <
MYn € N. With this in hand we would be indeed safe choosing some N, such that
whenever n > Ny

€
n - < —
la al i

For n > {Ny, N2} we choose N = max{N;, N2} such that Vn > N

€ €
n—al < 5o by — b < =—

In affirmation consider the initial form
|a,b, — ab|
And applying the
\anb, — abl = |a,b, — ab, + ab,, — ab| = |b,(a, — a) + a(b, — b)|.

By the triangle inequality

by (ay, — a) + a(b, — b)| < |by||an — a| + |al|b, — b].
Now implementing the upper bound of b,

|bullan — al + lallb, — b < Mlan — af + [a|b, — b|
By the hypothesis of the choice of NV, let n > NVn € N

Me  |ale
— Mla, — by — b| < =-C 4 14l
on =+ lalb, =] < 35+ 50

= M|a, — a| + |a||b, —b] <€

. lapb, — ab| < € as required.
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For 4.
This proof is based 3. obviously, with the difference that we will have to prove that

S

! —
bn
Starting out, as always we start by considering where we want to end up which for this
case will be

a, a

E—g'<636>0. (317)

Applying a midpoint trick as in 3. we manipulate the interval

a, a an, a a al |1 1 1

b b |5 b Th T T 5, a>+“<bn b>’ 1
The triangle inequality may now be applied

1 1 1 1 1 1

— — ——— || < | — —— = . :

» (a, —a)+a (bn b)’ S la, — al + |al b b‘ <e€ (3.19)
As before we split €

1 € 1 1 €

Earlier when we had |b,| we considered some upper bound to deal with the worst case
scenario of the variable but now for ]bi] we must consider a lower bound such that the
terms in the sequence are close to b.

Recall Theorem 2.2.1 which showed that convergence occured within a distance of half
the limit, from the limit. Applying this theorem here under the assumption that b, — b

= |by| > |2£| (3.21)
1 2
— < —. 22
» < 0 (3.22)

With this inequality in hand we can choose N; for a,, such that Vn > NV}

1 2
0 la, —a] < ‘5 la, —al < g (3.23)
|ble
— |Cln — CL| < T (324)
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Similarly this can be applied to b,, for a the choice of N, such that Vn > N,

1 1 b— by, b, —b| €
Applying the relation from line (2.21) once more;
b, — b b, —b| €
= 2 = = 2
= |a| b ‘ < 2|al 7 ’ <3 (3.26)
b 2
= |b, — | < ok (3.27)
4lal

Thus we choose N = max N7, N, in affirmation consider line (2.19) and let n > NVn

1 1 1 1 b, — b
b la, — a| + |al a—g' =i la, — a| + |al D ‘ (3.28)
Once more applying Theorem 2.2.1
b, — b 2 b, — b
N la, — al + |al b b ‘ < ’E lan, — a| + 2|al 7 ’ (3.29)
Now making use of the choice of N for n > N
2 b, — b 2| |ble bie € €
—| lan — 2 —|—+2 =—+_-= 3.30
’b'“ al + 2lal | =5 '<‘b‘4+’a|‘4ab2 ptg=e B30

]

Uniqueness of a Limit
Lemma 3.3.3. Two real numbers a and b are equal if and only if for every real number € > 0
it follows that |a — b| < €

Let’s take a step back and understand what this lemma is saying. It proposes that if two
points are equal then this is the same as saying that the distance between said to points
will always be less than some positive number, epsilon, for all epsilon.

If equal then one can always find a positive number which the distance between
the two numbers is less than.

Proof. Given that this statement is biconditional it will be proven in two steps.
For (=)
This case is trivial as |a — a| evidently gives |0| which is less than all € for € < 0.
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For (<)
Now for the interesting part. We take an approach by contradiction and assume that a # b
and consider the statement

la —b] < eVe>D0.

But if a # b from the assumption then
360:|a—b‘>0.

Thus a = b. O]

Theorem 3.3.4. If a sequence converges, then the limit is unique.

Proof. Let lima,, = [; and also lim a,, = Is.

By definition of convergence this means that there exists two distinct points, say NV,
and N, such that when n is greater than either one the sequence is confined to some
neighbourhood.

vnle,yan—zly<§,ve>o Vn2N2,|an—lg|<§,Ve>0

By intuition of Lemma 2.3.3. we choose N = max{ Ny, N2} such that Vn > N
[l — lo| = |l1 — an + ayls]
By application of a midpoint trick. Now, making use of the triangle inequality
I — an + an — lo| <lay, — U] + |a, — I3

Which by the choice of N gives
€

2

€
|an—l1|—|—|an—l2|<§—|— =€

— ‘ll—l2‘<€

Which by Lemma 2.3.3. shows that /; and [, are equal. ]
Alternatively the proof can follow by an application of the Algebraic Limit Theorem.

Proof.

lim(a, — a,) = lim(a,) — lim(a,) =1 — [

But lim(a, — a,) =0
— ll - lg == 0

ll = lz

63



Notes on MAT1211 Jake Xuereb

3.3.3 Order Limit Theorem

In the previous section we examined the algebraic manipulation of sequences, showing
that algebraic manipulation still holds throughout the process of taking a limit.

In this section it will be shown that the process of taking limits of sequences holds through-
out for order relations.

Theorem 3.3.5. Let lima, = a, and limb,, = b. Then,

. Ifa, >0Vn e N thena >0

2. Ifa, <b,Vn € Nthena <b

3. If3 c € R for whichc <b,Vn €N thenc <.
Similarly, if a,, < cVn €N, thena < c.

Proof. For 1.

What we're saying here is that if a convergent sequence is positive, then it should converge
to a positive limit also. Pretty straight forward right.

Taking an approach by contradiction, assume that a,, > 0 has a negative limit a < 0.

a a—+e€
—0—0~+.0—0+0—1 L 4 R

Considering the fact that a < 0 this would mean that taking ¢ = |a| would give a + ¢ = 0.

e

This implies that by definition of convergence there exists some N such for all n > N

la, —a| <O0.

But particularly this infers that
lay —al < 0.

Showing that ay < 0.
This means that not all terms in the sequence are positive leading to a contradiction and

thus proving that a positive sequence must have a positive limit.

For 2. From the Algebraic limit theorem it is understood that the sequence (b, — ay,)nen
converges to b, — a,,.

Given that b,, > a,, this implies that b,, — a,, > 0 which means that b —a > 0 from 1.
Thus b > a as required.
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For 5. This follows directly from 2 where a,, is a sequence in this case.
an < b, thena <b

Taking a,, = c a constant and not a sequence;
c<b, = c<b

]

Tails In Analysis it tends to be the case that we are only interested in what happens
towards the of a function and not at what happens for the first, say 10,000 n. This creates
an issue of weakness in statement regarding order in the sense that we show that the
statement hold for sequences that eventually become non-negative. The theorem stated
still remain valid but may be tweaked to include some NV; after which all elements of a
sequence will be positive for example, making the theorem more accurate.

Sandwich Lemma or Squeeze Theorem
Theorem 3.3.6. If x,, <y, < 2, and also lim x,, = | = lim z,, = [ then lim y,, = [ also.

Proof. Let € > 0 be arbitrary.
By definition of convergence there exists some /N; and N, such that

Vn> Ny, |z, =1 <e Vn > Ny, |z, — 1| <e

Given that z,, < vy, < z,, this suggests that choosing N = max /N7, N, and taking all
n > N would give
|yn - l| <€

This infers that z,,, ¥, and z, all occupy the same e-neighbourhoods and converge to the
same limit, showing they are equal.
As required. ]

sinn

An Example Calculate lim,, o =5

My first inclination seeing a fraction, was to make use of the algebraic limit theorem, but
consider that sinn is an oscillating sequence and thus has a problematic limit. As such
we consider what we know about this case primarily that sine exists between

—1 <sinn < 1.

So takes care of the numerator, now to get the denominator in we multiply throughout by
1 ..
=7 giving

This is surely reminiscent of Theorem 2.3.6., the sandwich lemma. As such we must

consider the limit 1
n—oo N,
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Now by the algebraic limit theorem, the following manipulation is permissible

.1 .1 o1
lim — = lim — lim — ).
n—oo 1 n—oo M, n—oo M,

It's good to recall that lim,, % was the first proof of convergence presented ! But let’s
go over it again for the sake of revision.

The sequence % is composed of elements in R and by the Archimedean property of R
there always exists some N € N whose reciprocal will be smaller than some arbitrarily
chosen, positive e.

1<
— <€
N
Now let n > N;
1 1
= —< —<e
n_ N ¢
And so
1
—<e€
n

which by definition of convergence defines an e-neighbourhood

: ‘
— =0l <e
n
Thus 1 is a null sequence giving
1
n—o00 N,

Applying the squeeze theorem we arrive to the result that

sinmn

= 0.

lim
n—o0 n2

An Example involving Sequence Shuffling Let (z,,) and (y,) be given, and define
(z,) to be the "shuffled" sequence (1, Y1, T2, Y2, T3, Y3, - - - s T, Yn, - - - ). Prove that (z,,) is
convergent if and only if (x,) and (y,,) are both convergent with lim x,, = lim y,,.

Proof. This being a bidirectional statement the proof will proceed that both cases of the
argument hold.

For (= ).

Assume (z,) — L, 3 L € R, so by the definition of convergence for some arbitrary ¢ < 0;

|z — L| < e.

L 2

TIRI2 ...
I I

L2 4.
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Now convergence occurs Vn > N,3N € N for (z,) but consider that the point zy may
be described as y» in terms of (y,) as it contains half as many points. Similarly, zy may
be described by x,, as the point preceeding y=.

:>ZN:y% :>ZN:y%_1:$n

As a result it must surely follow that in (y,,) there exists some point N; > % such that
for alln > N;
lyn — L] < €.

And for (z,) there exists some point N, defining an e-neighbourhood containing a point
more than that of ¥, such that Ny > % For all n > N,

|z, — L| < € as required for the forward implication.
For (<= ).

Assuming that (x,) — L and (y,) — L and letting an arbitrary ¢ > 0. We have, by the
definition of convergence, that there exists some N; € N such that for all n > Ny in (z,)
|z, — L| <.

Similarly there exists some NyinN such that for all n > Ny in (y,)
lyn — L] < €.

Now given that the sequence (z,) is composed of (z,) and (y,) it stands to reason by
construction that there exists some N € N of the form N = max{2N;, 2N}, given that
(z,) contains twice as many points, which for all n > N in (z,)

|z — L| < e.

An Example involving Sequences and Absolute Sequences
(a) Show that if (b,) — b, then the sequence of absolute values |b,| converges to |b|.

(b) Is the converse of part (a) true? If we know that |b,| — |b|, can we deduce that
(bn) — b7

Starting with (a) we are to carry out a proof of convergence. The tools at our disposal for
absolute values is the definition and the triangle inequality. Certainly the latter is more
malleable and will hopefully prove a good starting point.

Proof. Initially we consider were we want to end up;

[lbn] — 10]] <€ :e<O.
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Starting with |b,,| a midpoint trick may be applied giving
|b| = b, — b+ b|
exposing the applicability of the triangle inequality in this case.
b, — b+ b| < |b, — b| + |b]

= [bn| < |bn — 0] +[0]

Which gives

Now, for ||b,| — |b|| by definition of absolute value we must also show that |b| — |b,| <
|b,, — b|. Similarly,
6] = [bn| < [b— bn]

but given that this is a distance this inequality is equal to
thus giving

By the initial premise that |b, — b| < €,¥n > N : 3 N € N by definition of convergence

we have;
b = [B]] < b, —b] <€

[bn] — [b]] <€
O
For (b) consider that the absolute value is defined by a piecewise function and so does

not capture the ordered nature of b,,. As a counterexample consider b, = (—1)" which is
divergent but |b,| is convergent to 1.

Where the Algebraic Limit Theorem Fails

(a) Let (a,) be a bounded (not necessarily convergent) sequence, and assume lim b,, =
0. Show that lim(a,b,) = 0. Why are we not allowed to use the Algebraic Limit
Theorem to prove this?

(b) Can we conclude anything about the convergence of (a,b,) if we assume that (b,,)
converges to some nonzero limit b?

(c) Use (a) to prove the Algebraic Limit Theorem, part (iii), for the case when b = 0.

For (a) we present a proof of convergence.
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Proof. We begin by finding a way to choose N.
By definition of convergence we wish to end up with

lanb, — 0] <e:3Je>0.
Consider that since |a - b| = |a||b| we can rewrite this inequality as
lan|bn] < €.
Now under the condition that (a,,) is bounded
AM : M > a,Va, € (a, :n €N)

= |a,||bn] < M|b,| < €

Thus this gives
bal < 5
n M‘
With this in hand we choose N € N such that for all n > N in (a,b,)

€
byl < —.
bl <

In affirmation consider the initial form
|anbn - 0| = |an||bn|
Now considering that (a,) is bounded by M and letting n > NV n

anllbal < M~ = e

S lanb, — 0] <€
O]
We were unable to make use of the Algebraic Limit Theorem as it assumes knowledge of
both the limits of two sequences and the convergence of (a,) was unknown.

(b) No, given that the convergence of (a,b,) would then be dependent on the convergence
of (a,) also, ie: if (a,) = {1,—1,1,—1,1,...} then (a,b,) will not converge.

(c) Within the Algebraic limit theorem it is assumed that both sequences are convergent
so for this case we have

an — a b, — 0.
and given that all convergent series are bounded then this case reduces to that provided

in (a) showing
lim(a,b,) = a0 = 0.
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3.4 The Monotone Convergence Theorem

If there exists a wall and one runs
towards it, one is undoubtedly
expected to run into it !

In Section 2.3.1 it was proved that every convergent series is bounded and it was noted
that when reversing the argument, boundedness is a necessary condition for convergence
but not a sufficient argument. Another property in conjunction to boundedness, which
describes the in which the sequence proceeds in terms of order, creates a suffi-
cient descriptor for a convergent sequence. This is known as the monotone convergence
theorem.

Definition 3.4.1. A sequence is increasing if a,, < a,+1Vn € N.

A sequence is decreasing if a,, > a,+1Yn € N.

A sequence is monotone if it fits one of these two definitions exclusively.

) z
. o v |©
; 2
o —
: S
- S
5 SN—
o
o
o o
o
o o
o o ©C0000,
—Toooooooooooooooooootoooo —

(a) Monotone Increasing (b) Monotone Decreasing

Theorem 3.4.1. (Monotone Convergence Theorem). If a sequence is monotone and bound-
ed, then it converges.

Proof. The proof will follow directly by showing that if some sequence (a,) is assumed to
be monotone and bounded it must converge.
The proof is symmetric and thus applies to both increasing and decreasing sequences but
let (a,) be monotone increasing sequence for the sake of proof.
To show convergence we must find a limit and an associated e-neighbourhood with some
N € N. For (a,) = {a, : n € N} C R, given that (a,) is a bounded above sequence in R
by the assumption, then it follows from the Completeness Axiom that (a,) must have a
supremum.

s = sup{a, : n € N}.
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R

Naturally, one is now guided to the notion that the supremum must be the limit, ie: the
wall we're running into. Thus the proof will follow by showing that this is true.

Let € > 0 be arbitrary.
By nature of the supremum, there exists some point ay such that

s—e<ay
This implies that V. > N given that the sequence is monotone increasing, ay < a,, giving
s—e<any < a.
But since s is a supremum by the boundedness of (a,,), then
s—e<any <a, <s<s+e.

= |a, —s| <e¢

Therefore the sequence converges to s by the definition of convergence as required. [J

3.41 Examples

An Example involving Recursive Definition using Induction This is Question 6 from
Prof.Buhagair’s problem sheet and Ex.2.4.2 from Abbott.

(a) Prove that the sequence defined by #; = 3 and z,,;1 = 5=~ converges.

(b) Now that we know lim(z,) exists, explain why lim(x,,;1) must also exist and equal
the same value.

(c) Take the limit of each side of the recursive equation in part (a) of this exercise to
explicitly compute lim(x,,).

Proof. For (a) we first try to see what values the sequence pops out.

v =3 (3.31)
1
1 1
(3.34)

The sequence appears to be decreasing. This is suggestive of the use of the Monotone
Convergence theorem and so we will first begin by proving that the sequence is mono-
tone decreasing. Given that the sequence is recursively defined we take an approach by
induction.
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Evidently the base case holds as shown by (2.31) and (2.32).

As an inductive hypothesis let z,, > z,,1;.
Consider that by definition of the sequence,

1 1
Tpyo = 4

Tp4+1 = 4

— T, — Tp+1

Now by the induction hypothesis z,, > x,,1;

N 1 - 1
4—x, 44—,

. Tntl > Tpg2
Therefore by the principle of induction the sequence is monotone decreasing, as required.

Awesome so we've shown that that the sequence is decreasing and that’s half of what we
need to show convergence, now we must show boundedness. The sequence at hand is
by construction bounded above but we need the sequence to be bounded below so that
the Monotone Convergence Theorem can be applied. Again an approach by induction will
be taken. We claim that the sequence is bounded below by 0.

Evidently the base case holds as shown by (2.31).

As an inductive hypothesis let z,, > 0.
Consider that by definition of the sequence,

1

_:L‘n'

Tpy1 = 4
Now the numerator is positive and given that 3 > x,, > 0 then 4 — z,, > 0 also giving
L Tpg1 > 0.

Thus the sequence is bounded below by 0, as required.

All conditions required by the Monotone Convergence theorem have been met showing
that (x,,) is indeed convergent. O
For (b) consider that (z,.1) is just (z,) shifted by 1 term. As such, (z,,1) converges to

the same limit as that of (z,).

For (c) consider the recursive formulation of the sequence

1

_l‘n.

Tnt1 = 4
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Taking the limit of both sides

in(e,0) = lim (=)

4 —z,
Applying the Algebraic Limit Theorem

~ lim(1)
~ lim(4 — )

| lim(1)
llm(xn—i-l) = hm(4) — hm(l‘n)

lim(xn+1)

Given that 1 and 4 are constant

1
4 —lim(z,)
lim(z,11) (4 — lim(x,)) =1

A4lim(x,41) — im(zp4) lim(z,) =1

lim(xn+1) =

Given that by (b) lim(x,,) = lim(x,1)

Let lim(z,) = lim(z,41) = a
— da—a*=1
a* —4a+1=0

Applying completing the square

(a—2)*=(2)*+1=0
a=2+V3

But given that both sequences are bounded above by 3 since they are decreasing then

lim(z,) = im(z,41) = 2+ V3

An Example involving Square Roots Let (a,) be a sequence defined by a; = v/2 and
a, = \/an—1 +2 Vn > 1. Prove that a sequence defined in this manner is convergent.

Proof. Again we first try to see what values the sequence pops out.

CL1:\/§

&2:\/\/§—|—2
as = \[\/V2+2+2

(3.35)
(3.36)

(3.37)
(3.38)
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This sequence of irrational numbers appears to be increasing thus a proof of convergence
by Monotone Convergence is probably the most viable route. To start let's prove that the
sequence is monotone increasing by induction.

The base case clearly holds as

VV2+2~1.848 > V2~ 1414,

As an induction hypothesis let a,, < a,+1 and thus to prove that this holds throughout we
must show that a, 1 < ;9.

Consider that a,,+; and a,.2 can be recursively defined such that

Gp+1 = Vap + 2 An4+2 = \/ Qn41 + 2.

Given that by the induction hypothesis a,+1 > a,, then

ni1 +2>a, +2
= \au1+2>Va, +2

. Qpt2 > Gpl.

Thus, given that the inductive step has been satisfied, by the principle of induction (a,)
is monotone increasing.

Alternatively the sequence can be shown to be monotone increasing by considering that
by definition

Apy1 = Va, +2 2> ap

— a’—-a,—2>0

n

(a, —2)(a, +1) >0

But given that the sequence is non-negative then only the implication of the left bracket
is valid. Thus by nature of the square root and the definition of the sequence

0<a, <2.

Personally | much prefer the proof by induction.

Now, the sequence must be shown to be bounded above. It is clearly bounded below by
/2 but it appears to me that the sequence can at most hopes to reach the value of 2 so
let’s try to prove this by induction.

Clearly for the base case this stands since
V2 <2

As an inductive hypothesis allow a,, < 2 meaning that the inductive step to prove is that
Up41 < 2.
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Consider that a,1 can be recursively defined by the given definition of the sequence as
Gni1 = Va, + 2.
But the induction hypothesis gives

a, <2
a, +2<2+2=4

— Va, +2<V4=2

Lpg <2

Thus the sequence is bounded above by 2 as required.
Therefore by the Monotone Convergence Theorem, the sequence is convergent. O]

To evaluate the limit, which is intuitively 2, consider that lima,,+; = lima, given that
(an+1) is just (a,) displaced by one value and take limits of both sides of the defining

relation

Gpi1 = Vap +2
Uppy = n +2
lim(a2,,) = lim(a, + 2)

By the Algebraic Limit Theorem
lim(a,41) lim(a,41) = lima,, 4 lim 2
Now taking lim(a,1) = lim a,, = a and consider that (2) is a constant sequence

a?—a—2=0

(a—2)(a+1)=0
But0<a, <2

s lim(apgq) = lima, = a = 2.

Calculating Square Roots This question may be found as problem 7 from Prof.Buhagair’s
Problem Sheet 2 and Ex.2.4.5 from Abbott.

1 2
xn+1:§ xn—i_x_

(@) Show that 22 > 2Vn € N, and hence that z, — 7,41 > 0. Conclude that

Let 2y = 2, and define
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(b) Modify the sequence (x,,) so that it converges to +/c.

For (a) we must essentially provide a proof of convergence, the recursive nature leading
one to think about using induction and the monotone convergence theorem.

Let’s play around with the definition a bit and get some values out to get an intuition for
what we can do.

2y =2 (3.39)
3

=3 (3.40)
17

v =15 (3.41)

(3.42)

Clearly the sequence seems to be decreasing. Now consider this alternate form of the
definition;

1 2
Tntl = 5 (l‘n + x_) (3.43)
Ty 1
2 +2
Tha = 5 (3.45)

With this reformulation in hand it becomes clear that to achieve 22 > 0 we need to show
that the sequence is bounded by 0 which makes sense for a sequence involving square
terms.

Thus our criteria for the application of the monotone convergence theorem have been
achieved, we must show that the sequence is non-negative and that it is monotone de-
creasing.

Proof. First, to prove that the sequence is bounded below by O we take an approach by
induction.

The base case evidently holds given that 21 =2 > 0.

The inductive hypothesis is such that x,, > 0 and if it is to hold and the whole sequence
shown to be non-negative then we must have z,,1; > 0 to satisfy the inductive step.
Consider that by definition of the sequence

1 2
$n+1:§ l’n—Fx— .

This expression contains only positive terms by the induction hypothesis and as a result

1 2
In+1:§ T, +— | >0.

n
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Thus by the principle of induction
(x,) >0

showing that (z,,) is bounded by 0.
Now considering the reformulation given earlier this gives

T2 42
Tpt+1 = o .
n

By messing around with this equation, one notes that the following application lead to the
desired inequality, alternatively one would use induction.

2 2 2
953wr1_2:<mn+ ) —2

22,
2 2 2
:z:,%+1—2:—(:'7"+ Sy
4x2
4+ 4x? 4+ 4
22, —2= T AL, T4 92
4x2
9 rh + 4k + 4 — 822
xn+1 —2= 41,,%
4 4 2 4
22, —2= T = Ay + 4
4x2
which is clearly factorisable to
2 2 2
‘/I;?L—‘rl —2= (o )
4x2
Now since this is a squared expression
(22 —2)2 >0

2 .
x; > 2 as required.

Moving on to proving that (z,,) is monotone decreasing. Consider the fact that if (x,,) is
decreasing then this would mean that

Tp > Tpy1 and so x, — x,1 > 0.

Where as if the sequence where increasing this same difference would be negative. Now,
from (2.45)

r2 +2
Tn — Tpt1 = Tp — 2
n
222 — 22 — 2
Tp — Tpt1 =
2z,
2 —2
Tp — Tp41 =
2z,
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Now consider that from earlier 2 > 2 and z,, > 0 which means that
)

>0
22,

Ty — Tp+1 =

S XTp — Tpyq > 0 as required.

(x,) has been shown to be bounded below by 0 and to be monotone decreasing, thus
applying the monotone convergence theorem means that (x,,) is convergent. O

To evaluate the limit, the limit of both sides of the recursive definition are considered

YN
Tp41 = 92 T T,
. ) 1 2
lim(z,11) = lim (5 (xn + x—n))

By application of the algebraic limit theorem

1 2
lim(x,41) = lim (§> lim (xn + $_n)

lim(z,4+1) = lim (%) lim(z,) + lim (%) lim 2

limz,,

But now since (%) and (2) are constant sequences

1

limz,,

1
lim(z,.1) = 5 lim(z,) +

Given that (x,) and z,,; are the same sequence displaced by one point, they must
converge to the same point and as a result let lim(z,,+1) = lim(z,) = a.

a:§a+a

a’+ 2

But, given that the sequence is bounded below by 0
lim(z,41) = lim(z,) = a = V2.

For b).
It must surely follow by preservation of structure that a sequence recursively defined by

Tpy1 = — Ty + — >0
C

n

will converge to +/c.
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The Stronger Nested Interval Property

Increasing .
L4

(aAn)

[N I S o

I

a1 5) as Gy b4 bg bg bl

N

Decreasing

Earlier when introducing the Nested Interval Property we thought of a sequence of nested
intervals and using this idea of nesting came to the conclusion that their intersection is
non-empty.

In the Stronger restatement of this property we formalise it using the notion of a limit to
show that the size of the interval is decreasing such that it approaches 0 at infinity and
as a result the intersection of all the intervals contains only one point. This is what make
this formulation stronger, where as earlier we showed that the intersection of the nested
intervals is non-empty, we now show that contains only one point.

Theorem 3.4.2. Let (I, = [an,by])nen be a decreasing sequence of non-empty closed
intervals : 1,11 C I,,, with the property that

lim (b, — a,) = 0.

n—oo

Then there is a unique point which belongs to all the intervals.

Proof. Starting with Theorem 1.1.1.

() L. # 0.
n=1

We want to show that this intersection is occupied by one unique point.

First consider the left bracket of each interval and the right bracket of each interval.
Individually both of these bracket groupings form sequences, let’s call them (a,,) and (b,,).
It is clear that by construction of nested intervals that (a,) is increasing and bounded
above by some b; whilst (b,,) is decreasing and bounded below by some a;. Thus, by the
Monotone Convergence Theorem both sequences are convergent.

lim a, =a lim b, =b
n—0o0 n—o0o
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Now by design a,, < b, and so by the Order limit Theorem a < b. But, by the premise
lim,, 00 (by, — @) = 0 and by the Algebraic Limit Theorem we may manipulate this given
that we have proven the convergence of both (a,) and (b,).

lim (b, — a,) =0

n—oo
255, (bn) = 150 (6n) = 0
— lim (a,) = lim (b,)
n—oo n—oo
. a=b.

And so giving
a, <a=b<b,VneN

o0
— a=0be¢ ﬂ I,.
n=1
Thus showing that both sequences converge to the same point in the intersection of all

the nested intervals, but is it the only thing in this intersection ?
Say there exists some other point in the intersection such that

This infers that
but given that lim a,, = lim b,, then by the Sandwich Lemma

limy =y =lima, =limb, € ﬂ[n.

n=1

Proving, that intersection of the nested intervals is occupied by one unique point. ]

Had | had the time limsup a,, and lim inf a,,

3.5 Subsequences and the Bolzano - Weierstrass Theo-
rem

3.5.1 Subsequences

Definition 3.5.1. Let (a,) be a sequence of real numbers, and let n; < ny < ... be an
increasing sequence of natural numbers. Then the sequence

Apqy Apgy Apgy - -

is called a subsequence of (a,) denoted (a,,), where j € N indexes the subsequence.
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The notion of a subsequence stems from the fact that smaller increasing sequences can
be found in increasing sequences. The example from page 47 involving the shuffling of
sequences is suggestive of this concept;

0 2

Consider that from above, with the new definition in mind, the sequence (a,) has two
subsequences

(ay,,as,, as,, . . .) (ag,, a4y, Ggg, - - .)

Legitimate subsequences are ones which occur within the same order as that of the over
arching sequence and do not feature repeated elements from the over arching sequence
meaning that

(...,as5,,0as,,a,) (ag,, as,, a4y, ag,, - - )

are not legitimate subsequences.
Theorem 3.5.1. Subsequences of a convergent sequence converge to the same limit as the
original sequence.

This was alluded to in the example on page 4/.

On a conceptual level think about it like this;if there is a path with a wall at the end, whether
you walk down the path or jump along the path you will still end up at the wall.

Mathematically what we're saying here is that if we have some sequence (a,) with subse-
quence (a,, ) and lim,_, a,, = a then lim,,_, a,, = a also.

Proof. Given lim,,_, a,, = a we show that limj_,., a,, = a also.
By definition of convergence

ANeN:VYn>N, |a, —al <e.

Now consider that given the fact that subsequences are ordered in the same way as the
sequence that the index of the sequence is always greater or equal to the index of the
subsequence

Thus with k reaching the e-neighbourhood

Coan, —al <e.
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The contrapositive of Theorem 2.5.1 provides a criterion for Divergence such that se-
quences which diverge have subsequences that converge to different limits. Looking back
at the example of a divergent sequence from Section 2.2.4. this becomes even more

evident;
<11111111111>

) _57 57 _17 ga _37 gv _ga ga _37 ga _ga

the clearest two subsequences with differing limits from this sequence are

11 1 1 1111
55 5 5 55575

which clearly converge to —% and é
Again this is intuitive, having multiple walls we can’t definitively know which one we're
going to hit.

3.5.2 The Bolzano-Weierstrass Theorem

It may at times be difficult to discern a convergent subsequence within a sequence and
thus what the Bolzano-Weierstrass Theorem provides is a means of proving that a se-
quence does in fact contain a convergent subsequence.

Theorem 3.5.2. Every bounded sequence contains a convergent subsequence.

R

From a conceptual stand point we have something that’s living exclusively between two
walls and what we are claiming is that at least some part of this thing must hit one of these
two walls. In particular if there is some monotone subsequence then it is straightforward
to see that it will converge.

Such a subsequence will be convergent by the monotone convergence theorem by being
monotone increasing and bounded above or monotone decreasing and bounded below
thus we must split or sequence in half to begin looking for a monotone subsequence. This
notion of halving or bisecting will be the cornerstone of the presented proof to construct
a convergent subsequénce making use of the strong nested interval property.

I3 : !
Iy
Il 1 1
*-—00—0—& & L g I & & L g &
0
—-M
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Proof. Let (a,) be a bounded sequence so that there exists M > 0 satisfying |a,| <
MY n € N. We thus have the closed interval [ 17, )], now splitting that interval we have
[—M, 0] and [0, M] and choosing one of these closed intervals such that it contains an
infinite number of points of (a,) and let’s label this section I; select a,, € (a,) which is
in I; also.

Now, repeating this process; [; is split into two segments of equal length and once more
the closed interval with infinitely many points of (a,) is labelled I, selecting a,, € I5 :
N9 > MNfi.

In general we repeat this, constructing the k-th closed interval I}, by splitting Ij,_; into two
and labelling the closed interval with infinitely many points of (a,) as Ii. a,, is selected
such that ny > ngz_; > --- > ng > ny such that a,, € Ij.

By construction, we now wish to show that (a,, ) is a convergent subsequence, so if it
is, what's it's limit 7 Well, each point in (a,,) comes from being associated to a closed
interval and it is evident that

L 21,2211 DI

From Theorem 2.4.2 we understand that by the stronger nested interval property for
a decreasing sequence of non-empty closed intervals such that the size of the interval
approaches 0 at infinity, there is a unique point in the intersection of all the intervals. It
is evident that some z € (),oy Ix would be the limit of (a,,) so let's prove it.

Let ¢ > 0. By construction the length of I is Qk% such that I; was of size M and
[(Iy) = le Now, taking the fact that % is convergent to 0, as shown in Example 1 of
Section 2.2.3., and using Theorem 2.5.1 it is evident that; Z,ﬂw—_l being a subsequence of
L also

M

Thus the series of nested intervals now has shown to conform to do conditions required
by the stronger nested interval property and

() Ze = {=}.

kEN
So we've shown that there is an x in the intersection of all the intervals, all is left is to
prove it is the limit of (a,, ).
Choosing N € N such that the length of [ is smaller than € then given that z,a,, , € I
thenVk > N

lan, — x| <e.

JUJ

To recap; we started with a bounded sequence and halfed it repeatedly confining
elements of some subsequence to form a monotone subsequence. We then showed
that these halves were nested intervals and given that by construction the size of
these halves was approaching 0 then there was a point common to all the halves,
by the strong nested interval property. We then showed that this point was indeed
the limit of the subsequence by asserting that the size of size the k-th interval was
to be smaller than the size of the epsilon neighbourhood.
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3.5.3 Examples and Exercises

Exercise 2.5.3 This s listed as given on Page 58 of Abbott and as Problem 8 on Prof.Buhagair’s
Problem Sheet 2.
Give an example of each of the following, or argue that such a request is impossible.

(@) A sequence that does not contain O or 1 as a term but contains subsequences
converging to each of these values.

(b) A monotone sequence that diverges but has a convergent subsequence.

(c) A sequence that contains subsequences converging to every point in the infinite set
{1,3.5. 1.3, -

(d) An unbounded sequence with a convergent subsequence.

(e) A sequence that has a subsequence that is bounded but contains no subsequence
that converges.

For (a). Consider that by Theorem 2.5.1 such a sequence is divergent. Now we showed
at the beginning of Section 2.2.3. that the harmonic sequence converges to 0 so that's
definitely going to be one of my subsequences. Now to converge to 1 consider a sequence
of the 1 + L of the harmonic sequence giving terms like ”+1
The choice of this subsequence is sensible by the Algebraic I|m|t theorem as we are adding
the constant series of 1 to the harmonic sequence such that

1 1
lim (1n 4 —) = lim(1,) + lim <—> —14+0=1.
n n

This would make sense as a decreasing sequence so for it to fit in with an all increasing
sequence take "T’l terms. Thus the example will look something like this

11 1 n—1
55 e T |

For (b). By the Monotone Convergence theorem a monotone sequence that diverges is
unbounded and given that the Bolzano-Weierstrass Theorem provides that convergent
subsequences are found in bounded sequences, a convergent subsequence cannot exist
in an unbounded sequence.

OOlH
OJIL\D

For (c). This is possible constructing a sequence with constant sequences of each value
of a point in the harmonic sequence

111 111
LL1.. . === ooy |
2°2°2 373737
It is good to note that a subsequence of this sequence is the harmonic sequence itself,
many times over in fact, and thus each of these would converge to 0.

Correction ! : Infinite sequences can only have infinite subsequences. Perhaps this is
because we have removed ourselves from the definition of a sequence but recall that a
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sequence is a function whose domain is N, which is infinite by nature.

Thus both sequences and their subsequences must be infinite and in the answer given
above the subsequences are finite. To construct the desired infinite subsequences we
employ a diagonal argument a la Cantor in the following way

T — 1 T —
v /! v
1 1 1
2 2 2
/! v /
1 1 1
3 3 3
v /! v
1 1 1
4 4 4
/ v /!

generating subsequences which are infinite in nature and a sequence of form
111 111
]-7]-)_7_7_7]-a]-7 SRR B
2°3 2 3°4°5

Refer to Section 1.2.7. for a deeper discussion.

For (d). An unbounded sequence can have an bounded convergent subsequence. Consider
the increasing n sequence and inserting a 1 after every point gives a constant subsequence
of 1s which converges to 1.

N —

(1,1,2,1,3,1,4,1,5,1,...).

For (e). Consider that by the Bolzano-Weierstrass Theorem a bounded subsequence itself
must contain convergent subsequences, or convergent subsubsequences if you like, rela-
tive to the over-arching sequence. Thus it is impossible to have a bounded subsequence
without convergent subsequences.

Exercise 2.5.4. This is listed as given on page 58 of Abbott and as Question 9 from
Prof.Buhagair’s Problem Sheet 2.

Assume (a,,) is a bounded sequence with the property that every convergent subsequence
of (a,) converges to the same limit a € R. Show that (a, ) must converge to a.

Instantly this is reminiscent of the example of sequence shuffling from page 47 of these
notes. Here we are essentially tasked with proving a more general form of that case, for
which | think we shall employ the Bolzano-Weierstrass Theorem to prove.

This being said a direct route for the proof is not evident but the statement seems obvious
so an approach by contradiction will be taken.

Proof. Assume (a,,) is a bounded sequence which does not converge to a. This means
that negating the definition of convergence, for all N € N there exists some n > N for
which

la —a,| >€:e>0.
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Now we construct a subsequence that never enters the the e-neighbourhood on the basis
of the above, such that the first point in the subsequence would be

’&_anl‘ > €
and going on such that
ng <Ng <--- <Ny <Nyjpp <...

which is afforded by the fact that for all N € N we can find some n > N which is not
in the neighbourhood from the negation of the definition of convergence. This infers that
(an,) exists exclusively outside of V,(a) and by the fact that (a,) is bounded, (a,,) is
bounded also. Thus applying the Bolzano-Weierstrass theorem (a,,) should have some
convergent subsequence (ay, ). Now, (a,; ) being a subsequence of (a,,) exists outside
of V.(a) and thus a subsequence of (a,,) does not converge to a . O

Example 2.5.3 & Exercise 2.5.5. Show that (b") is a null sequence for —1 < b < 1.

This proof can be split into 3 distinct cases depending on the nature of the sequence
within these 3 sections;

(@ 0<b< 1.
(b) b=0.
(¢ —1<b<O.

Proof. For (a). We have a monotone decreasing sequence that is bounded below by 0;
b>b > > 0.

Thus by the Monotone convergence theorem we have than (b") to some [ such that
b > [ > 0. Now in order to determine [ consider that the subsequence formed by all
the even exponents, (b*") should have the same limit as the over arching sequence for
convergence by Theorem 2.5.1. But consider that by the Algebraic Limit Theorem

im = lim(b,) lim(b,) =1 -1 =1[".
lim(5*") = lim(b,,) lim(b [-1=1?

But lim(b*") = lim(b") by Theorem 2.5.1. thus the only number fitting this description is
0.
= lim(b,) =0, for 0 < b < 1.

For (b). We have constant sequence such that
0=0=0=--=0"=....
As a result it is evident that lim(0™) = 0.

For (c). We have the sequence from (a) but instead the input is negative and as such the
sequence can be written (—b™). With this in hand the Algebraic Limit Theorem can be
applied giving

lim(—b6") = lim(—1") im(b") = (—1)(0) = 0.

Thus we have shown that for all the given range, —1 < b < 1, (b"), is convergent. [
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3.5.4 The Cauchy Criterion

Definition 3.5.2. A sequence (a,) is called a Cauchy sequence if for ever € > 0 there
exists an N € N such that whenever m,n > N it follows that |a, — a,,| < €.

In the lines to come it will be shown that this formalism is

but approaches from a different view, that of proximity of points. Where within the
definition of convergence we concerned ourselves with showing that the points of a series
all come to be very close to some singular point known as a limit. Within the approach of
Cauchy sequences we do not need to know what the limit is (as within the monotone
convergence theorem) to know that a sequence is convergent. Instead we show the points
of some sequence get very close to each other within the tail of some sequence and that

shows convergence.
Theorem 3.5.3.

This is the forward implication of the equivalence of convergence and a sequence being
Cauchy. As such we will start with the definition of convergence and directly show that it
is mathematically equivalent to to the definition of a Cauchy sequence.

Proof. Let (a,) be a sequence converging to some limit a and let ¢ > 0 be arbitrary. Now
by the definition of convergence this means that there exists some N € N such that for
n,m > N we have

€ €
|an—a|<§ |am—a|<§.

Now we are concerned with the proximity of these two points and want to show that this
is less than € for the sequence to be Cauchy. Consider that applying a midpoint trick to
their difference

|y — am| = |an — a4+ a — ap.
By the triangle inequality we have that
|y, — am| = la, —a+a—ay| <la, —al + |a, — al.
And by the presumed convergence

€ €
\an—am]:\an—a—ira—am\g\an—al+]am—a|<§+§.

€ .
= |a, —an| < 5 as required.
[

Now to show the backwards implication we will make use of the Bolzano-Weierstrass
Theorem but first we must show that Cauchy sequences are bounded and that convergent
subsequences of Cauchy sequences, converge to the same limit as that of the sequence.
Lemma 3.5.4. Cauchy sequences are bounded.
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| R

Intuitively this makes sense. If the points of a sequence are going to get increasingly
close to each other within the tail of some sequence then the points cannot seek to move
forward past this clumping point. If a such a sequence were not bounded then there would
be no clumping and points would ‘get away’ from this proximity point.

Proof. Let (a,) be a Cauchy sequence and for conceptual tangibility let e = 1.
Now by the definition of Cauchy there exists some N & N such that n,m > N imply that

lan, — am| < 1.

Thus N defines a region were all points are closer than 1 to each other and as such any
point in this region should be smaller than some |z x| + 1

= |z,| <|zn|+1Vn > N.
Which means that the (a,,) would be bounded by
M = max{|z1]|, |z2],. .., |lzN] - s |Tal, - o loN] + 1T

]
Lemma 3.5.5. A Cauchy sequence with a convergent subsequence converges to the same
limit.
Let (a,,) be a Cauchy sequence and (a,,) — a be a convergent subsequence of (a,,).

Let € > O be arbitrary. By the definition of convergence we wish to show that there exists
some N € N such that for all n > N we have

la, —al <e.

Now we now that by the premise (a,) is a Cauchy Sequence and as such there exists
some N; € N such that m,n > N; implies

€
lan, — am| < 3

We also have that for some Ny € N, for all n, > N5 we have
€

Consider that |a,, — a| can be reformulated by the application of a midpoint trick
la, —al = |an, — an, + an, — al.
And by the triangle inequality this gives
\an — ap,, + ap,, — a| <|a, — an, | + |an, — al.
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Choosing N = max{Ny, N»} and letting n,n,, > N gives

€ €
|an—ank|—|—|ank—a|<§+§:e

*a, —a] <e.
Theorem 3.5.6.

This is the backwards implication of the equivalence of convergence and Cauchy se-
quences. We will use the two preceeding Lemmas in conjunction withthe Bolzano-Weierstrass
theorem to show the backwards implication of equivalence.

Proof. Let (a,) be a sequence. As a result of Lemma 2.5.4., (a,,) is and
so by the Bolzano-Weierstrass Theorem, (a,) must have some

say (s, ).

By Lemma 2.5.5. we know that the Cauchy sequence of its
convergent subsequence and thus we have shown that a sequence being Cauchy implies
that it is convergent. [

Remark 3.5.7. All the theorems which we proved in this section are in some way linkable to
the Axiom of Completeness and all in fact assert the completeness of R.

AoC — NiP = BW — (CC.
MCT

3.5.5 Examples and Exercises

Exercise 2.6.1. Give an example of each of the following, or argue that such a request
is impossible.

(@) A Cauchy sequence that is not monotone.

(b) A monotone sequence that is not Cauchy.

(c) A Cauchy sequence with a divergent subsequence.

(d) An unbounded sequence containing a subsequence that is Cauchy.

For (a). Cauchy Sequences are based on a criterion of distance between points and have no
implications on the order within a sequence. Consider in fact that an alternating sequence
may in fact be Cauchy

(1,-1/2,1/3,—1/4,1/5)

and alternating series by nature have no consistent order and are not monotone.

For (b). A monotone sequence that is not bounded is not convergent by the monotone
convergence theorem and as such, not Cauchy.

(1,2,3,4,5,6,...).

89



Notes on MAT1211 Jake Xuereb

For (c). A subsequence of a Cauchy sequence is convergent and so cannot be divergent.
This is not possible.

For (d). This is possible such that unbounded sequences can have areas for which the
points have decreasing distance between them for some region.

(1,1,2,1/2,3,1/3,4,1/4,...).

Exercise 2.6.4. Assume (a,) and (b,) are Cauchy sequences. Use a triangle inequality
to prove ¢, = |a,, — b,| is Cauchy.

Proof. Firstly, a good starting point is always to examine what we want to end up with
which in this case would be a Cauchy (¢,,) meaning that we want to show that for some
choice of N € N, for n, m > N and an arbitrary choice of € > 0, we will have

len — em| < €. (3.46)

Now what we are certain of possessing by the premise is that (a,) and (b,) are both
Cauchy, giving

AN, € N; n,m > N gives |a,—a,| < % and also 3N, € N; n,m > N, gives |b,—b,,| <

Now consider that by the premise that ¢,, = |a, — b,| we can rewrite (2.46) as follows
len — em| = |an — by — (am — bi)| = |an — am + by, — by

And by application of the triangle inequality we have
len — Cm| = |an — am + b — bn| < |an — am| + |bm — byl

And choosing N = max{ Ny, Ny}, taking n,m > N we get
€

2

|cn—cm|g\an—am|+|bm—bn|<§+ =

len —em| < e

Showing that (c,,) is Cauchy by definition. N

3.5.6 Some General Examples of Convergence Proofs
Exercise - Proofs Of Convergence Prove that the following sequences have these limits

(a) limnip:Oforp>O.

n—oo

(b) lim /p =1 for p > 0.

n—oo
(c) nh_)rrolo Un=1.

90

€

2



Notes on MAT1211 Jake Xuereb

For most if not all of these convergence proofs The Appraoch discussed in Section 2.2.3.
will be the way forward, particularly given that we know the limit we are looking for.

Had we not, we would first need to prove convergence in a general sense and then find
the limit through some manipulation using the Algebraic Limit Theorem.

For (a). Taking the approach we first examine where we we want to end up which would
be given that the sequence is null then for some arbitrary choice of € > 0

1

npP

< €.

Which would mean that this e-neighbourhood would have some starting point N € N at

which
1

N»
With this we can elucidate the choice for N, making it the subject

1
"

Having found this we can start the formal proof.

< €.

N >

Proof. Let € > 0 be arbitrary.

Choose N € N satisfying

1
— <N
v/ €

e

which is viable by the Archimedean property. So, in affirmation let n > N giving

1
—<n

e

1
— — <€
npP
1

——0

npbP

< €.

]

For (b). Firstly we will employ a proof by cases because the nature of the order of the
sequence changes depending on the choice of p.

For p > 1 we have a decreasing sequence
1 1 1
Pr<pz < -o- < pr <Ll

Whilst for 0 < p < 1 we have an increasing sequence, for example

[N,

D=
W=

>1 >
5

N | —

>

N | —
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which is approximately

0.5>0.7071--->0.7937--- > .. ..

Proof. So we will split this proof into three cases

(i p>1
(i) p=1.
(i) 1 >p>0.
For (i). Admittedly, proving that (/p) converges to 1 is quite a challenge for p > 1. |

first attempted a direct proof, trying to manipulate € using logarithms but this is messy.
Alternatively lets construct a new sequence out of ({/p) subtracting 1 from each term of
the sequence giving (a,) = ({/p — 1) > 0 meaning that now we instead have to show
that this converges to 0 which through the algebraic limit theorem will sneakily allow us to
show that ({/p) converges to 1 nonetheless.

Consider that by construction

Vp=a,+1
— p=(14a,)"

Now considering the first two terms of the binomial expansion
1+ na, < (1+a,)" =p.
By making a,, subject
= 0<a,< u.
n
Now considering the limits of the edge terms of the inequality we have a constant sequence

of Os which must trivially be a null sequence and on the left a sequence which is a linear
combination of the harmonic sequence which by the Algebraic Limit Theorem will give us

-1 1
lim (p ) = lim (p—1) lim (—) :
n—00 n n— 00 n—oo \ N

Now the harmonic sequence was proven to be null by the Archimedean Property giving

—1
lim (p ):(p— )0 =0
n— oo n

Thus applying the sandwhich lemma we have

lim a, =0
n—oo
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and so

lim (/p—1)=0

n—oo
e, VP + B (-1 =0
o, P11 =0

lim ¢/p=1

n—oo

For (ii). We have a constant sequence of 1s which is evidently convergent to 1.

For (iii). Consider that for 0 < p < 1 the reciprocal of such a p will be greater than 1, for
example;
1
T=4
1
and so we have % > 1 for 0 < p < 1. This means that extending the square root to the

numerator, this case will reduce back to the first such that

1
n f— C/Z.

1
1

Thusfor0 <p <1

) 1 . 1

lim {/- = lim =1.
n—00 P n—00 {L/ﬁ

For ().

Proof. We apply the same reasoning as in (b)(i) constructing a sequence a,, and considering
the terms of its binomial expansion this time taking up to the third term.
Let a, = /n — 1.

= n=(a,+1)"

and by the binomial expansion

n(n—1)

5 a2 < (a,+1)" = 1.

Taking a,, to be subject

0<a,<

Vn <2.
n—1 =

Now we must prove that (y/-27) is a null sequence.

We wish to end up with the following for an arbitrary choice of €

2

-0
n—1

< €.
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And so there is some edge NV € N for this e-neighbourhood which will be of form

[ 2
N -1

2
S+l

<€

— < N.

This should be an adequate choice of N so in affirmation let Vn > N giving

2
— —2+1 <n
€

2

-0
n—1

<€

thus we have proven that this sequence is null and thus by the sandwhich lemma we
have that a,, is null also which by the algebraic limit theorem, as in (b), gives that ({/n)
converges to 1. ]
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Chapter 4

Infinite Series & Tests for Convergence

4.1 Series

One is advised to read up on Zeno's Paradox before embarking upon this Chapter so as to
appreciate the depth of the mathematics to be discussed.

Ask yourself; if your hands are apart and you move them closer to each other to a point
where they are half as apart as they were and repeat this process infinitely many times,will
your hands ever touch ?

411 Preliminaries

Definition 4.1.1. Let (b,) be a sequence. An infinite series is a formal expression of the
form

an:bl+b2+b3+b4+...

n=1

An infinite series is given by considering the sum of a sequence and as such we are in
some sense see the accumulation of the value of a sequence.

Definition 4.1.2. Infinite series have a corresponding sequence of partial sums (s,,) which
are like finite chunks of an infinite series.

Sm:bl+b2+b3+"’+bm.

Expository Example 1 Consider

o0

1

—-
n
n=1

Given that we are dealing with a squared variable then all the terms of the series are
positive and some partial some will be of form
1

1 1
=l o e
° +4+9+ +m2
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Given that it is positive, then some sequence of partial sums will be increasing and calling
on some intuition from the preceding chapter then to show that this sequence of partial
sums is convergent we must show that it is also bounded. This reasoning coming from
the Monotone Convergence Theorem.

To find this upper bound let’s reformulate the sequence

1 1 1
Sm=ld—+—+t——

2-2 3-3 m-m
<1+ ! + ! !
Sm —
2-1 3-2 m-(m—1)
S !
21 32 Tm-(m—1)
Now by partial fractions this gives
_1+1 1+1 1+ 1 1
1 2 2 3 m—-1 m

Evidently all terms except the 1s at the start and the final term cancel out to give

1
—1+4+1-—
m

LSm < 2.

And so by the monotone convergence theorem the sequence of partial sums converges
which means that the series converges also.

Definition 4.1.3. The convergence of the series ), | ay is defined in terms of the se-
quence (s, ). Specifically, the statement

i:A < lims, = A.

k=1

Remark 4.1.1. The sequence of terms of an infinite series is directly (ai, as,as,...) whilst
the sequence of partial sums (s1, S2, 84, ... ) IS a sequence of sums of terms up to a given
point in the series such that s,, = a1 + as + - - - + a,.
For convergence of series it is the convergence of the sequence of partial sums which we must
show.

of a series is also sometimes referred to as

Expository Example 2 - Multiplication is a No No Consider the harmonic series
>
-
n=1
Again our intention is to show convergence and again we have a a sequence of positive

terms which gives an increasing sequence of partial sums, thus all we must do is show
that there is some bound and we proceed in a similar manner as before;

1+1+1+ +1
Sm: — — —
2 3 m
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Now intuitively we may think that since 5 = (1) (1) and 7 - was shown to be
bounded that we must have that 220:1% to be bounded in a situation the recalls the

Algebraic Limit Theorem, but this is not so ! Indeed 2 is not even a bound

1+1+ 1+1 25 _ 9
Sy = — -+ -] == .
4 2 34 12

So for sp2 > 1+ 2(3) and also for sg > 2% leading to the generalisation
I D N L2
T 3 TL) T 5B 2111 2"
S L (L O e I (L
2 4 4 8 '8 2k 2k
1 1 1 1
=14+=4+2(-= 4 = R Lt N
ae2(a) 4 (5) o (5)

1 1

B T Bt
tg et

1

As a result the sequence of partial sums is monotone increasing but unbounded and thus
the harmonic series is divergent.

This example will be of importance when the Cauchy Condensation Test is introduced.

This shows us that the product of divergent series may yield convergent series and most
importantly that the multiplication of series is weird in terms of convergence so be weary.
Let's formalise some properties of infinite series then to see what we can and can’t do.

Algebraic Limit Theorem for Series
Theorem 4.1.2. If>"7  ap = Aand Y-, by = B, then

o0

G)E:mk:cAVCER.
k=1

(i) (ar, +br) = A+ B.
k=1

Proof. For (i);
By definition of convergence of series we are lead to investigate the sequence of partial
sums such that for >".° | a; we have

Sm=01 + a2+ asz+ -+ ap

such that
lims,, = A.

Now consider that Y- | cay would have a sequence of partial sums of the form

t,, = cay + cag 4+ caz + - -+ 4+ cay = CSpy.
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So by the algebraic limit theorem for sequence we have that
lim(¢,,) = lim(es,,) = clim s, = cA.

And by the definition of series convergence

[e.9]

ank = lim(¢,,) = cA as required.
k=1

For (ii); Consider the series >~ a;, = Aand ) _,-, by = B and name their sequences of
partial sums s,, and v,, giving

Sm=a1+az+ -+ apy U =by + b3+ -+ by,
thus we can have
Cm = Sm + Um + (a1 +b1) + (ag +ba) + -+ + (A, + bpy)
which by the algebraic limit theorem for sequences will give
lim(¢,,) = lim(s,, + vp) = lim s, + limo,, = A+ B.
And by the definition of convergence of series

Z ar + by, = lim(c,,,) = A + B as required.
k=1

]

To summarise, what we have is that infinite addition satisfies the distributive property in
(i) and in (i) series may be added as sequences. Things get messy for products due to
commutativity and we’ll see that later on.

Cauchy Criterion for Series
Theorem 4.1.3. The series -, a;, converges if and only if, given ¢ < 0, there exists an
N € N such that whenever n > m > N it follows that

|@mt1 + Qo + -+ ap] < e

Given that we have defined the summability of some series on basis of the convergence
of its sequence of partial sums then we can reformulate this by saying the the sequence
of partial sums must be Cauchy for a series to be summable, using the equivalence of
Cauchy and Convergent from Theorem 2.5.6.

Proof. For a sequence (a,) to be summable we have by definition that the sequence of
its partial sums s,, is to be convergent and so by Theorem 2.5.6. Cauchy. This means
that for some arbitrary ¢ > 0 and for some N € N such that n > m > N we have

|sn — Sm| < €.
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And by definition of partial sums we have

n>m
|Sn_3m’ = |am+1+am+2+am+3+"'+an‘-

And by the definition of Cauchy sequences as stated before we have

|@ms1 + Gmao + Gpas + -+ an| < e

Corollary 4.1.3.1. If the series Y " | a,, converges, then (a,) — 0.
Proof. By definition of the convergence of a series we must have a convergent sequence
of partial sums also.

Consider the fact that a,, can be reformulated as the linear combination of some partial
sums

Sp,=a1+as+asz+...a, Sp1=a1+ay+az+...an_1 4.1)
= QAp = Sy, — Sp—1-

At this point the proof can follow in one two ways using one of the two equivalent definition
for convergence the Cauchy criterion or convergence itself. We will show both in this order.

Given that sum? ,a, is convergent we have that the sequence of partial sums must be
Cauchy and so for some N € N and n > m > N we will have the following for some
arbitrary choice of positive €

|sn — sm| < €.

Now let s,, = s,,—1 which from earlier gives
= |$p — Sp_1| = |an| < €

. a, — 0| <e.

Alternatively we directly take the limit of a,,
lim a,, = lim(s,, — $;,—1)
and by the algebraic limit theorem for sequences it is understood that
lima,, = lims, —lims,,_;.

Now s,, converges to some [ by the summability of (a,) and s, _1 must also converge to [
given that it is a subsequence of s,, giving

lima, =1—-1=0.
And so by both methods we have shown that

(a,) — 0.
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Remark 4.1.4. It is good to note that this theorem is solely valid as a forwards implication
and that as a backwards implication holds no water. Consider in fact Example 1 where the
Harmonic Series was in question.

It was shown at the start of Chapter 1 that the Harmonic sequence () is a null sequence
and if the back implication were to hold then this would mean that the harmonic series is
summable but as shown it in fact is not and gives an infinite sum !

4.2 Series of Nonnegative Terms and Tests

Within this section, series consisting of terms which are non-negative shall be considered.
This condition impacts the sequence of partial sums making it increasing. Within the two
examples given at the start of chapter 3, we encountered such sequences and to show
that they were convergent or divergent were able to consider whether they were bounded.
This is a result of the monotone nature of the sequence of partial sums which thus allows
for the use of the Monotone Convergence Theorem.

Boundedness Criterion
Theorem 4.2.1. A series of nonnegative terms converges if and only if the sequence of partial
sums is bounded above.

Proof. For the forward implication we have that if a series is summable then its sequence
of partial sums, (s,), must converge and by Theorem 2.3.1. every convergent sequence
is bounded and so ( =) is valid.

For the backwards implication, the sequence of partial sums is monotone increasing s-
ince we're dealing with nonnegative series and by the premise of the implication this
sequence is also bounded. By the Monotone Convergence Theorem for sequences (s,,) is
thus convergent. By definition of summability of series, (a,) must be summable by the
convergence of (s,). O

4.2.1 The Comparison Test

The comparison test allows for one to determine the convergence of some sequence
knowing its relation to some series of known convergence in terms of order.

Theorem 4.2.2. Assume (a,) and (b,) are sequences satisfying 0 < a,, < b, Vn € N.

If > | b, converges, theny " a, converges also.

Proof. Let us first supply a proof by Cauchy’s theorem.
Let the sequence of partial sums of (b,,) be labelled s, :

Sn:b1+b2+"'+bn.

Now since (b,,) is summable as > " b, then (b,) is convergent and that means that by
the Cauchy Criterion there exists some /N € N such that for n > m > N and an arbitrary
choice of positive € we have

|sn — Sm| < €.
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Consider that as in the technique applied in Corollary 3.1.3.1. for m =n — 1 we have
|b,| < e.
Now recall that by the premise a,, < b,, which implies
lan| < |by| <€

S lan] < e

This means that (a,,) is convergent and by the definition of summability >~ , a,, is con-
vergent.

It is good to note that this does not fall in to the category of the invalid back implication
of Corollary 3.1.3.1. due to the use of the given order relation.

Now for the approach by Monotone Convergence.
Consider the sequences of partial sums

Sp=a14 -+ ay tn=Db1 + -+ by.

Now given that}_ >, b, is summable then we have that (¢,) is convergent and if it is
convergent then it must be bounded by Theorem 2.3.1..

Now also by premise
0<s,<t,VneN.

And since {t,} is bounded then 3 M such that
{t,} < MVneN.

Using the inequality we have
Sn St <M

which means s,, is bounded and monotone increasing given that term of the sequence are
. . o

nonnoegative and by the monotone convergence theorem (s,,) is convergentand > ™, a,

is summable. ]

Remark 4.2.3. The contrapositive is an equivalent way to reformulate statements such that
p—q=q— p.

The contrapositive of the Comparison Test in the way it was stated allows for it to be refor-
mulated in term of divergence such that;
Theorem 4.2.4. If > | a, diverges, then Y~ b, diverges also for 0 < a,, < b,Vn € N.

Example : - Comparison with Geometric Series Consider the rather bulky series

i 2 +sin®(n + 1)
ot on 4 n2 ’

Determining whether this series is convergent may seem like a tall order but comparing it
to a series of known convergence, typically the geometric series or the harmonic series,
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we are able to determine to the convergence of this series indirectly.

For this case in the denominator we have a self-multiplicative term which is reminiscent

of a (to be introduced shortly), and so it readily evident that we can

construct such a series out of the given series which would be of a larger size than it a
by nature of geometric series

.3
0< 2 +sin(n+1)
- 2n+n2

= 3
D 5 =3

n=1

3
< —.
= on

Examples implying the Limit Comparison Test Consider

2" — 1+ sin® n? ~n?+ 1

n=1

Now both pf these sequences at for sufficiently large n look like sequences we are familiar
with and whose convergence we understand

n=1 2n n=1 n
meaning that the sequence on the left converges whilst that on the right diverges.
This form of argument is formalised by the Limit Comparison test.

Limit Comparison Test
Theorem 4.2.5. If a,,b, > 0 and lim,,_, Z—Z =c:c#0, then 220:1 a, converges if and

only if >, by.

Proof. For ( = );
By the premise it follows that by the definition of convergence 3N € N: Vn > N we
have that for some arbitrary choice of positive €

— —c| <eE.

bn

It is also given that the limit of this sequence is non-zero such that ¢ # 0 and by Theorem
2.2.1. we know that the size of the e-neighbourhood will be half the limit and so we may
take € = 7 giving

an < C
— —c| < .
by 2
This may be restated be expanding the modulus to give
C_n_ €
c—=-<—<c+ =
2 b, 2
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Q

< ”<3C
b, 2

N O

_ c<anandan<3c

2 b, by 2
Now we have that >~  a, converges by ( = ) so applying Theorem 3.2.2 - The
Comparison Test given that b,, < 2% then )", b, converges also.

For (<—);
We instead consider lim,, ;o * = % and proceed to follow a symmetric argument. [
The Geometric Series A series is called if it is of the form

o0

Zar”:a—i-ar—i-arQ—i-...

n=0

Now we know that a series is summable if its sequence of partial sums is convergent. For
r =1 this can’t be the case and we have divergence but consider r # 1 giving

sp=a+ar+ar’ +---+ar" P =a(l+r+ri+ "),
But the identity
(I=r)Q+r+r2+..m)
allows us to write

1 —¢pm
sn:a(1+r+r2+--~+rn_1):(L(—M,

And so a geometric series is summable if

i ="
n—soo | —1r

is convergent which by the algebraic limit theorem will give

lim a(l —rm) _a (1 = limy, 00 (™))
n—oo 1 —1r 1—r

Now for |r| < 1, from Example 2.5.3. we saw that lim,, (") =0

1_ n
= lim all =) =% for Ir| < 1.
n—oo 1 —7r 1—r

The Halving Sequence and answering the question At the start of the chapter a
question was posed; if one were to split the distance between two objects in half and
then repeat this process infinitely, would the objects meet ? Initially, one would be inclined
to say no because there will always be some half of some half to add, but now that we
have come to understand geometric sequences we can analyse to problem in this way.
So say we start with a unit distance 1 and split this;
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1
2
——

1

Now we move to the new split distance and half that;

To investigate whether the objects will meet we must show that the distance covered
by the object moving closer (the shaded purple area) on the left converges to the initial
distance which separated them.

The object always covers half of the current separating distance giving a series which will

look like
1+1+1+1+
2 4 8 16

this series is nothing more than a geometric series with r = % and a = 1! And given that
|%‘ < 1 then as shown above, this sequence will converge such that

i(%)zi(%)—lzglrgosn—lzli =1

1
n=1 n=0 2

And one is the initial separating distance ! So the objects will touch !

4.2.2 The Cauchy Condensation Test

The idea behind this test comes from the argument presented when we showed the
divergence of the harmonic series. There we made the case that by considering a very
particular subsequence of the sequence of partial sums, one could determine the nature
of the sequence by just considering this subsequence. This subsequence is referred to as
the condensed series
This test is typically used with series which have an n in the denominator.
Theorem 4.2.6. For sequences, say (a,,) that are positive and decreasing and some defini-
tions include null we have that

o0 o0

Z a, Is summable <= Z 2"aqn Is summable.

n=1 n=1
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So for a quick check let's consider the sequence that inspired this test, the harmonic
series. So firstly we can use the test in this case since (%) is both positive and decreasing
now considering the sequence and its condensed form we have

() 27 (x)

The condensed series reduces to the very divergent >~ 1 which so implies, correctly,
the divergence of > 7 (%) So on the face of it we have something that works, now how
to prove it ?

Given that the decreasing nature is a prerequisite than using the assumed convergence
of the condensed series we can show that both forms of the series are bounded and
using the monotone convergence theorem will so show that the complete sequence is
convergent.

Proof. For (<=).

Consider a positive, decreasing sequence (a,) and let ) > 2"asn be summable. By
Theorem 2.3.1. (2"asn) is bounded and so some partial sum in this subsequence of
partial sums, say t; is bounded by some M > 0 for all k£ € N such that we have

tk:a1+2a2+4a4—|—8a8+---—|—2ka2kSM.

Label the partial sums of (a,,) as s, and for construction of the argument allow the choice
of £ to be sufficiently large enough to give

m < 2F1 1.

= Sm < Sokti_g.

With this inequality in hand let us look at syr+1_; more closely. Explicitly it may be written
out as

Sok+1_] = @1+ a2+ ag+ag+as+ag+ a7+ -+ ok + ... Goet1_1.

So it appears that a subsequence from the partial sums of the condensed series is hidden
within sor+1_1. Now it is our job to bring a.. to the forefront so consider that since (a,,)
Is decreasing

Sopv1i_1 < ay+ast+aytagt+agtag+ag+ A age + - A agk.
But this nothing more than ¢ !
tr=a,+as+as+as+as+ag+ag+---+ap+---+agp = a1—|—2a2+4a4+-~-+2ka2k.
And so we have sgr+1_1 < T which applying to the initial inequality

Sm < Sopt1_q <t
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But recall that ¢, is bounded. Implying that s, < M Vm € N also! Now s,, is constructed
by terms of (a,,) and thus has decreasing terms which are now also bounded, thus by the
monotone convergence theorem (s,,) is convergent which means that

o
E a, 1s summable.

n=1

For (= );

Assume that }>° | a,, is summable and so we have that the sequence of partial sums of
this sequence is convergent. Now we allow the choice of k to be sufficiently small enough
such that for a fixed choice of m we have

oF+L _ 1 < m.

= Sopt1_1 < Sp.

Now exploring sqr+1_; more closely we have
Sokti_] = @1+ a2+ az+ag+as+ag+ a7+ -+ Aok + ... Goet1_.

which is certainly greater than the following by the decreasing nature of the terms
Sok+1_1 = %al + as + 2a4 + 4ag + - - - + 2k_1a2k.
Which is nothing more than %tk meaning that within the inequality we now have
§tk < Sokt1_1 < S

Now by the premise of ( = ) (s,,) is convergent by the summability of the series and
so (s,) is bounded by some M € N giving that ¢, is bounded as well for all & € N;

te < 2M.

Thus by the monotone convergence theorem (i) is convergent meaning that

o
E 2"aqn is summable.

n=1

The Hyperharmonic Series Consider

o0

1
2 PHO
n
n=1
We already know that for the case p = 2 this is convergent from the example on page 77

but let’s generalise this result setting some bound for p that will serve as a condition for
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convergence.

Given that we have an n in the denominator let us employ the Cauchy Condensation test

1

meaning that >~ , = is summable if and only if its corresponding condensed series is

summable. This condensed series would be of form

()£ (2) £ -

n=1 n=1 n=1

It is evident that this condensed series is with a =1 and = 5. Now

from pg.85 it is understood that for a geometric series to be convergent we need |r| < 1
thus consider that for the condensed series to be convergent we require

1

57| <1

and since 2° = 1 we have
-(p—1)<0

—-p<—1
p> 1.

o 1
n=1 np

There by the Cauchy Condensation Test we have that > is convergent for p > 1.

423 Root Test

Need to get around to writing this out.

424 Ratio Test

Need to get around to writing this out.

4.2.5 Alternating Series Test

Need to get around to writing this out.
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